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Abstract The application of multi-attribute utility theory based on the
Choquet integral requires the prior identification of a capacity if the utility
scale is unipolar, or of a bi-capacity if the utility scale is bipolar. In order
to implement a minimum distance principle for capacity or bi-capacity ap-
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1 Introduction

With outranking methods (Roy and Bouyssou, 1993), multi-attribute utility
theory (MAUT) (Keeney and Raiffa, 1976) is probably the most frequently
applied approach to multi-criteria decision aiding (MCDA) (Vincke, 1992).
Given a set A := {a,b,c,...} of alternatives and a set N := {1,...,n} of
criteria, MAUT roughly consists in synthesizing, for each alternative, the n
different points of view quantified by the criteria in order, typically, to help
the decision maker choose a subset of alternatives that can be considered
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the best for him. More precisely, in such a context, each alternative a € A
is identified with its vector of scores (a1, ..., a,) € R™ where, for any i € N,
a; represents the utility of a for the decision maker with respect to (w.r.t.)
criterion 4. The preferences of the decision maker over the alternatives, rep-
resented by a binary relation > 4 supposed to be transitive and complete in
the considered context, are then to be modeled by means of a global utility
function U : R™ — R such that

arab = Ulay,...,a,) > U(b1,...,by), Va,be A. (1)

The form of the global utility function U depends on the hypotheses
on which the MCDA problem is based. When mutual preferential indepen-
dence (see e.g. Vincke, 1992) among criteria can be assumed, it is frequent
to consider that the global utility function is additive and takes the form
of a weighted arithmetic mean. This assumption is however rarely veri-
fied in practice. In order to be able to take interaction among criteria into
account, it has been proposed to substitute a monotone set function on
N :={1,...,n}, called capacity (Choquet, 1953) or fuzzy measure (Sugeno,
1974), to the weight vector involved in the calculation of weighted arith-
metic means. Such an approach can be regarded as taking into account not
only the importance of each criterion but also the importance of each subset
of criteria. A natural extension of the weighted arithmetic mean in such a
context is the Choquet integral w.r.t. the defined capacity (Grabisch, 1992;
Marichal, 2000; Labreuche and Grabisch, 2003).

The use of the Choquet integral in Eq. (1) requires, as we shall see,
the ability to compare utility levels on different criteria. In other terms, it
is necessary that the utilities be commensurable, i.e. a; = a; if and only
if, for the decision maker, the alternative a is satisfied to the same extent
on criteria ¢ and j (see e.g. Grabisch et al., 2003, for a more complete
discussion on commensurability). Obtaining commensurable utilities is a
difficult problem that will not be dealt with in this paper. Note however
that, in the considered context, it can be performed using the extension
of the MACBETH methodology (Bana e Costa et al., 2005) proposed by
Labreuche and Grabisch (2003).

Grabisch and Labreuche (2005a,b) have recently shown that even such
a general aggregation function as the Choquet integral w.r.t. a capacity
is not suited for situations where the utilities to be aggregated lie on a
bipolar scale. Compared to a classical (unipolar) scale, a bipolar scale is
characterized by the additional presence of a neutral value such that values
above this neutral reference point are considered to be “good” or “positive”
by the decision maker, whereas values below it are considered to be “bad” or
“negative” (see Grabisch and Labreuche, 2005d, for a complete discussion
on bipolarity). In order to derive aggregation models taking the specificity
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of bipolar scales into account, Grabisch and Labreuche (2005a,b,d) have
recently introduced the notion of bi-capacity, extending that of capacity,
and have proposed a natural generalization of the Choquet integral in that
context.

The use of a Choquet integral as a global utility function clearly re-
quires the prior identification of the underlying capacity if the utility scale
is unipolar, or of the underlying bi-capacity if the utility scale is bipolar.
The learning data from which the capacity or the bi-capacity is to be deter-
mined consists of what Marchant (2003) calls the initial preferences of the
decision maker: usually, a partial weak order over the set of alternatives,
a partial weak order over the set of criteria, intuitive judgments about the
importance of the criteria, etc.

In this paper, generalizing the minimum variance approach to capac-
ity identification recently put forward in (Kojadinovie, 2006) and following
Marichal (1998, Chap. 7), we propose to use a minimum distance principle
for capacity (resp. bi-capacity) identification based on natural distances be-
tween capacities (resp. bi-capacities). For practical purposes, we focus on
quadratic distances between capacities and bi-capacities which enables us
to implement the minimum distance principle under the form of a strictly
convex quadratic program. Furthermore, as we shall see, the capacity (resp.
bi-capacity) identification problem is closely related to the capacity approxi-
mation problem (Marichal, 1998, Chap. 7) (resp. bi-capacity approximation
problem), which we will be able to address as well using the proposed min-
imum distance principle. The derived methodology has been implemented
within the kappalab package (Grabisch et al., 2005) for the GNU R sta-
tistical system (R Development Core Team, 2005), an application of which
will be presented in § 4.

In the second section, after recalling the notions of game, capacity and
Choquet integral in the context of aggregation, we review uniformity mea-
sures that can be used for capacity identification and we propose new
quadratic distances that can be used for similar purposes. In the third sec-
tion, the concepts presented in the second section are generalized: we recall
the notions of bi-cooperative game, bi-capacity and Choquet integral w.r.t.
a bi-capacity and we extend the quadratic distances between capacities pre-
viously defined to bi-capacities. The last section is devoted to the presenta-
tion of two applications of the proposed minimum distance approach, one
to capacity approximation, the other to capacity identification.

In order to avoid cumbersome notation, we will often omit braces for
singletons and pairs, e.g., by writing u(i), N \ ij instead of p({i}), N \
{i,7}. Furthermore, cardinalities of subsets S, T, ..., will be denoted by the
corresponding lower case letters s,t,...
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2 Quadratic distances for capacity identification and approximation

In the context of aggregation by the Choquet integral, capacities (Choquet,
1953), also called fuzzy measures (Sugeno, 1974), can be regarded as gener-
alizations of weighting vectors involved in the calculation of weighted sums.
Throughout this section, the utility scale is considered to be unipolar.

2.1 Cooperative games and capacities

Let P(N) denote the power set of N.

Definition 1. A function p: P(N) — R is a cooperative game on N if it
satisfies pu(0) = 0.

In the sequel, the set of cooperative games on IV shall be denoted by Gy .

Definition 2. A function p : P(N) — R is a capacity on N if it is a
monotone game, i.e. if u(0) =0, and, if, for any S, T C N, S C T implies
u(S) < u(T).

A capacity is additionally said to be normalized if u(N) = 1. Note
that, in the context of MAUT based on the Choquet integral, normalized
capacities are exclusively considered. As we continue, the set of capacities
on N shall be denoted by Cy, and the set of normalized capacity by Cj.

A game p € Gy is further said to be

— additive if n(SUT) = p(S)+ u(T) for all disjoint subsets S, T C N,

— supermodular (resp. submodular) if p(SUT) 4+ u(SNT) > u(S) + u(T)
(resp. <) for all disjoint subsets S,T C N,

— cardinality-based if, for any T C N, p(T') depends only on the cardinality
of T.

Note that there is only one normalized capacity on IV that is both additive
and cardinality-based. We shall call it the uniform capacity and denote it
by p*. It is easy to verify that p* is given by

w*(T) =t/n, VT C N.

The dual (or conjugate) of a game p on N is a game i on N defined by
fi(A) := pu(N) — u(N\ A), for all A C N.
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We now recall an equivalent representation of a game. Any game i € Gy
(and, more generally, any set function on N) can be uniquely expressed in
terms of its Mabius representation (Rota, 1964) by

/J'(T): Zmu(s)v VT C N, (2)
scr

where the set function m, : P(N) — R is called the Mébius transform or
Mobius representation of p and is given by

mu(8) = 32 (~1)'u(T),  YSCN.

TCS

From the previous results, it follows that a game p on IV is completely
defined by the knowledge of 2" — 1 coefficients, for instance (1(.S))pscn or
(mu(S))pscn. Such a complexity may be prohibitive in certain applica-
tions. The fundamental notion of k-additivity proposed by Grabisch (1997)
enables to find a trade-off between the complexity of the game and its mod-
eling ability.

Definition 3. Let k € {1,...,n}. A game p € Gy is said to be k-additive if
its Mébius representation satisfies my,(T) = 0 for all T C N such thatt > k
and there exists at least one subset T' of cardinality k such that m,,(T') # 0.

As one can easily check, the notion of 1-additivity coincides with that
of additivity. Let k € {1,...,n} and let u be a k-additive game on N. From
Eq. (2), we immediately have that

w(S)= > mu(T), VSCN,

0£TCS
t<k

a k-additive game being thus completely defined by the knowledge of Zle ()
coefficients.

2.2 The lattice (P(INV), ©)

Denote by M(p(ny,c) the set of maximal chains of the lattice (P(V), C€) and
by 11 the set of permutations on N. The sets M (p(n),c) and I1y are clearly
in one-to-one correspondence. Indeed, with each permutation o € Iy can
be associated a unique maximal chain m, € M(p(n),c) defined by

Mo = (0 {o(n)} S {on —1),0(m)} S -  {o(1),...,0(n)} = N).
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Given a game p € Gy, with each permutation o € IIy (i.e. with each
maximal chain m, ), we associate a distribution of real numbers w# on N

defined by

wh (i) == p({o(@),...,on)}) — p({oli+1),...,0(n)}), Vie N.

It follows that a game p on N can be regarded as a set of n! such distribu-
tions. Note that if p is a capacity, then, from the monotonicity conditions,
the numbers w# (i) are necessarily non negative for all o € IIy and for all
1 € N. If p is further normalized, then w# is a probability distribution on
N for all o € ITy.

Equivalently, with the maximal chain m, € M(p(n),c) is associated the
distribution wf, = wk .

2.3 The Choquet integral w.r.t. a game

In the context of aggregation, the Choquet integral can be regarded as a
natural generalization of the weighted sum (Grabisch, 1992; Labreuche and
Grabisch, 2003; Marichal, 2000).

Definition 4. The Choquet integral of a function x : N — RT, represented
by the vector (x1,...,2,), w.r.t. the game p on N is defined by

Cu(z) == ng(i)xa(i)a
i=1
where o 1s a permutation on N such that T,y < -+ < Tg(p)-

It is easy to see that the Choquet integral is a piecewise linear function
that coincides with a weighted sum on each set

Os i={x e R")" |2,01) < - < Tom)} (0 €Iln). (3)

Indeed, the sets O, cover (RT)™, and hence, for any 2 € (R*)™, there exists
o € Iy such that x € O, and Cy,(x) = >,y Wh (1) 24 -

Let A C N. We denote by (14,05\4) an alternative, called binary,
whose vector of scores is such that all criteria in A have a score equal to
1, and all the others have a score equal to 0. A fundamental property of
the Choquet integral is that C,(14,0n5\4) = p(A) for all A € N. When
restricted to vectors of [0,1]", a very nice geometrical interpretation of the
Choquet integral has been given by Grabisch (2004): it is the simplest linear
interpolation between vertices of the hypercube [0, 1]™.
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In terms of the Mobius representation of a game p, Chateauneuf and
Jaffray (1989) showed that, for any x = (x1,...,x,) € (RT)", the Choquet
integral of x w.r.t p is given by

O, (@) = 3 mu(T) \ (4)

TCN ieT

where the symbol A denotes the minimum operator.

2.4 Uniformity measures

A first class of measures that can be used for capacity identification are uni-
formity measures. They were initially obtained by generalizing probabilistic
entropy measures to normalized capacities.

The first extension of a probabilistic entropy measure to normalized
capacities is due to Marichal (1998, 2002). For any normalized capacity p
on N, the generalized Shannon entropy is defined by

Huy(p) == > 7s(m)[p(SUi) — u(S)] Infu(S U ) — u(S)),

i€EN SCN\i
with the convention that 0In0 := 0 and where

—s—1)ls!
VS(n)ZZM (s=0,1,...,n—1).
n!
A fundamental property of H)j; is that it can be rewritten in terms of the
maximal chains of (P(N), C). Using the notations introduced in § 2.2, we
have

1 1 i
HM(M) = Z HS(W#L) = ) Z HS(wg)v Ve Cy,
mEM(p(N)’g) ’ o€lln

where, for any probability distribution p on N, Hg(p) denotes the Shannon
(1948) entropy of p defined by

Hs(p) :== =Y _ p(i)Inp(i).

€N

The quantity Hps(p) can therefore simply be seen as an average of the
uniformity values of the probability distributions w#, (m € M) calculated
by means of the Shannon entropy. To stress the fact that Hys is an average
of Shannon entropies, we equivalently denote it by Hg.
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It has been shown that H); = Hg satisfies many properties that one
would intuitively require from an entropy measure (Marichal, 2002; Kojadi-
novic et al., 2005). Two of the most important ones in the framework of
capacity identification are the mazimality property, stating that Hg(u) is
always non negative and reaches its maximum if and only if 4 = p*, and the
strict concavity of Hg as a function of a normalized capacity, which implies
that maximizing it over a convex subset of the set of normalized capacities
on N always leads to a unique global maximum.

In (Kojadinovic, 2006), for practical purposes, the Havrda and Charvat
(1967) entropy was similarly extended to capacities. For any normalized
capacity p on N, the generalized Havrda and Charvat entropy of order
B # 1 is defined by

Mol = 105 |5 3 (S Ui —u(S) ~1],5>0,5#1

i€N SCN\i
The quantity ﬁ[;[c satisfies the same properties as Hg, and in particular it
is a strictly concave function of a normalized capacity.

It is well-known in information theory that the Havrda and Charvat
entropy of order 2 is closely linked to the notion of variance. In (Kojadinovic,
2006), the variance of a normalized capacity p on N was defined as

Vo) =23 5 ) (usui-us)-1) . 6)

. n
i€EN SCN\i

In the considered context, for any i € Cy;, the Havrda and Charvat entropy
of order 2 and the variance are linked by the following linear equation:

Pl V).

—2

Hye(p) = n
The quantity V is clearly a strictly convex function of a normalized capac-
ity. It has been used in (Kojadinovic, 2006) as the objective function of a
quadratic program whose aim is to obtain the minimum variance capacity,
or equivalently, the maximum ﬁ?{c entropy capacity compatible with the
initial preferences of a decision maker.

2.5 Quadratic distances between games

As a second class of measures that could be used for capacity identification
or approximation, we propose to focus on distances between capacities. In



Quadratic distances for capacity and bi-capacity identification 9

order to define quadratic distances between games, we consider the following
three functions from Gy x Gy to R defined, for any u,v € Gy, by

1

(v = s O W(TI(T),

D S SEILRA0)

" oclly €N

(u,v)3 := /[071]n C,(z)Cy(z)d.

<M7 V>2 :

The two following propositions give more operational expressions of
these functions.

Proposition 1. For any pu,v € Gy, we have

(b, v)2 = % DD ) (WS Ui) = ulS)) (S Ui) — v(S)).

iEN SCN\i

Proof. The result is a direct consequence of (Kojadinovic et al., 2005, Prop.
1. O

Proposition 2. For any u,v € Gy, we have

1 1 1
(wvis= 3 2 ITU S|+ 2 (t+1 + s+1>m“(T)m”(S)'

TCN SCN

The previous proposition is a direct consequence of Eq. (4) and of the
following lemma proved by Marichal (1998, Lemma 7.2.1).

Lemma 1. For all T, S C N, we have

1 < 1 1 >
T z; | de = + .
/[0,1]7@ <er ) /\ I ITUS|+2\t+1 s+1

jes

Proposition 3. The functions {-,-)1, (-,*)2, and {-,-)s are inner products
m QN.

Proof. Tt is straightforward that verify that (-,-); is bi-linear, symmetric,
and positive-definite. From Proposition 1, the same clearly holds for (-, )s.
The function (-,-)3 is clearly symmetric. Its bi-linearity follows from the
linearity of the Choquet integral w.r.t. a game. Finally, (u, )3 is clearly non
negative and (u, )3 = 0 clearly implies that C\,(z) = 0 for all 2 € [0,1]",
which immediately implies that all the distributions w#, o € Iy, are zero,
and therefore that p(S) =0 forall SC N. O
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The quadratic distances between games obtained from the above inner
products are respectively given, for any u, v € Gy, by

Blpv) = 5y S lT) (T
2 1 T;{w . v(:\12
Bluv) = o LY k() - k()

oclln ieEN

[ lcue) - Cuw)Pa.
[0,1]™

d3(p,v) -

In the context of Choquet integral based MAUT, d; (i, ) can be inter-
preted as the average quadratic difference between the global scores of the
binary alternatives (17,0n\7), T C N, T # 0, measured by p and those
measured by v. With respect to the Choquet integrals C, and C,, it can be
regarded as measuring the average quadratic difference between their values
at the vertices of [0, 1]™, from which, as recalled in § 2.3, all their values at
vectors of [0,1]™ are computed by linear interpolation (Grabisch, 2004).

The second distance measures the average quadratic difference between
the coefficients of the Choquet integrals C,, and C,,. Indeed, recall that, for
any x € (RT)" there exists o € IIy such that 2 € O, (see Eq. (3)) and
hence

Cu(z) = Z wh ()2 o (i) and  Cy(r) = ng(i)%(i)-

1EN €N

The idea behind distance dy is simply to compute the average quadratic
difference [w”(i)—w¥(i)]?,i € N, o € IIn, between Choquet integral weights
in order to appraise the difference between p and v, or equivalently between
Cy and C,.

The last distance, thoroughly studied by Marichal (1998, Chap. 7) in the
context of the extension of pseudo-Boolean functions, can be interpreted as
the expected quadratic difference between global scores computed by C), and
C, assuming that the alternatives are uniformly distributed over [0, 1]™.

The next results, which directly follow from Propositions 1 and 2, give
more operational expressions for distances dz and ds.

Corollary 1. For any two games p and v on N, we have

Blw) =23 S ) [W(T U ) = ) = AT i)+ (T (6)

iEN TCN\i
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Corollary 2. For any two games p and v on N, we have

1 1 1
Bl =3 > ITUS|[+2 (t+1 + s+1) [ (T ()

TCN SCN
—2m,, (T)my, (S) + my, (T)m,(S)]. (7)

2.6 Capacity approximation and identification based on quadratic
distances

We restrict ourselves to the situations where both the capacity approxima-
tion (Marichal, 1998, Chap. 7) and the capacity identification problems can
be stated as the following strictly convex quadratic program:

min,egy d*(p, v)
subiect to monotonicity constraints on v, (8)
J possible additional constraints,

where d is a quadratic distance on Gy and p is a capacity on N. Note that,
since the aim is to obtain a capacity, at least monotonicity constraints on v
should be imposed.

The difference between the approximation problem and the identification
problem would come from the type of the additional constraints and the
form of . The identification problem would be typically characterized by an
additive u. In the absence of clear requirements on the aggregation function,
a very natural choice for p would be p* since the Choquet integral w.r.t.
©* is nothing else than the simple arithmetic mean, which can be regarded
as the simplest possible aggregation operator. Interestingly enough, in that
case, the identification of the closest capacity to pu* w.r.t. do coincides with

the minimum variance approach proposed in (Kojadinovic, 2006).

Proposition 4. For any normalized capacity v on N, we have
d2(u*,v) =V(v).
Proof. The result immediately follows from Egs. (5) and (6). O

Additional constraints would typically include the normalization con-
straint ¥(N) = 1, as well as constraints resulting from preferential infor-
mation, for instance a partial weak order over the alternatives in terms of
C,, a partial weak order over the criteria in terms of their Shapley (1953)
value, the behavior of some criteria as wveto or favor (Marichal, 2004), etc.
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The precise form of these constraints, all linear w.r.t. v, is discussed in more
detail in (Kojadinovic, 2006).

For the approximation problem, p could be any capacity on N, typically
one obtained by an identification procedure, and the additional constraints
would usually not represent preferential information but rather simplicity
requirements such as k-additivity, supermodularity or submodularity.

Of course, the k-additivity requirement could be imposed in the identi-
fication problem as well. In that case, it is natural to rewrite the problem
given in (8) in terms of the Mébius transform of v, which reduces the number

of variables to Zle (.

2.7 Basic linear constraints on games

The most basic linear constraints on a game are monotonicity constraints.

Proposition 5. A set function v : P(N) — R is monotone if and only if,
for anyi € N, and any S C N \ i,

v(SUi) > v(S).
Proof. Immediate. O
The following result is due to Chateauneuf and Jaffray (1989).

Proposition 6. A set function m : P(N) — R corresponds to the Mdbius
representation of a capacity if and only if

(i) m(9) = 0,
(ii) Y pcsm(TUi) >0,  Vie N, VSCN\i.

If, additionally, Y rcn m(T) = 1, then m is the Mébius representation of
a normalized capacity.

The next proposition (Kojadinovic, 2002) gives the form of supermod-
ularity and submodularity constraints. Such constraints may be imposed if
the resulting game is to model exclusively complementarity (resp. substitu-
tivity) among criteria.

Proposition 7. A set function v : P(N) — R is supermodular (resp. sub-
modular) if and only if, for any ij C N, and any S C N \ ij,

v(igusS)+v(S)>viEUS)+v(jus) (resp. <).
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This last proposition (Chateauneuf and Jaffray, 1989) gives the form
of supermodularity and submodularity constraints in terms of the Mdbius
transform.

Proposition 8. A set function m : P(N) — R corresponds to the Mdbius
representation of a supermodular (resp. submodular) game if and only if

(i) m(0) =0,
(i) > gcgm(ijUK) >0 (resp. <0), for all ij C N, and all S C N \ ij.

The form of higher monotonicity constraints can be obtained similarly
(see Chateauneuf and Jaffray, 1989; Fujimoto and Murofushi, 2005).

2.8 Matrix formulation of the quadratic distances

Let us define a linear order on the set P(N)\ {0} so that it can be identified
with {1,2,...,2" — 1}. A natural choice is the following total ordering of
the elements of P(N) \ {0}:

(13,123, {3), .. {1, 2}, {1,3), {1.4}, ..., {1,2,3},{1,2.4},..., N

n

In other terms, first are given the n singletons, then the (2

(g) 3-element subsets, ..., and finally N itself.

) pairs, then the

Let 11 and v be two games on N and let us define the following vectors
of 2" — 1 components respectively representing the Mobius transform of v
and of u:

z = (my(S))prscn > and Y= (mu(s))m&sg\/'

Now, let d be a quadratic distance on Gy . The M6bius representation being
a linear invertible transform of a game, there exists a symmetric positive-
definite matrix H of order 2" — 1 such that

d*(u,v) = (y—2)'Hy —x) =y Hy — 2y'He + ' Hz,

where ¢ denotes the matrix or vector transpose.

Assume now that v and p are k and k’-additive respectively so that the

vectors x and y can be truncated to Ele () and Ef;l () components

respectively, i.e.

T = (mV(S))®¢sgN75Sk ) and Y= (mu(s))@;ﬁsgz\r,sgk/ . 9)
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It is then easy to verify that, in matrix form,

d3(p,v) = (¢! By Bz — 2y' B}, Byx + y' B}, Bpy) , (10)

2n —1

where By, (resp. By) is an (2" — 1) x 30, (7) (resp. (2" —1) x 20—, (1))
matrix such that

Biw = (/(ossen  (resp Buy = (1())gscn ) -
Similarly, from Eq. (6), it can be verified (see Kojadinovic, 2006) that
d3(p,v) = 2 M} Dgp Myx — 2y* M}, Dgp, Myx + y* M}, Dy Myry, — (11)

where Dgy, is a diagonal matrix of order n2"~! whose diagonal elements
are (vs(n)/n)ien,scnyi and My (resp. My) is a matrix of order n2"~! x

Zle (1) (resp. n2"71 x Z;il (7)) such that

Myx = E m, (T Ui) resp. My = E my (T U1)
TCS TCS
t<k—1 iEN, t<k/—1 iEN,
SCN\i = SCN\i

Finally, from Eq. (7) and following Marichal (1998, Chap. 7), it is easy to
check that
d3(p,v) = &' Dy v — 2y* Dy 4 + y' Dy oy, (12)

where, for any r,m € {1,...,n}, Dypisad (1) x 3%, (7)) matrix such

that
1 1 1
D, = .
’ (|TUS|+2(t+1+S+1>) PASCN,s<r

0£TCN,t<m

2.9 Matrix formulation of the quadratic program

Most solvers for solving quadratic programming problems on RP use the
following matrix formulation:

mingepr 32'Qr — ¢'x
Aex = ae (13)

subject to Az > a;

where ¢ € RP, ) is symmetric matrix of order p, the matrix equality A,z =
a represents the set of equality constraints and the matrix inequality A;z >
a; represents the set of inequality constraints.
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In the considered context of capacity approximation and identification,
the vector = to be determined represents the Mobius transform of the un-
known k-additive game v and is defined as in Eq. (9). The form of the matrix
Q@ and of the vector ¢ for each of the three considered quadratic distances
immediately follows from Egs. (10), (11) and (12). The matrices A, and A;
can be easily obtained from the propositions given in § 2.7 and as discussed
in (Kojadinovic, 2006). Examples of the application of the proposed min-
imum distance approach to capacity approximation and identification are
presented in § 4.

3 Quadratic distances for bi-capacity identification and approximation

As mentioned in the introduction, the concept of capacity can be further
generalized. In the context of aggregation, bi-capacities arise as a natural
extension of capacities when the underlying evaluation scale is bipolar (Gra-
bisch and Labreuche, 2005a). In the sequel, we extend the three distances
studied in the previous section to bi-cooperative games and bi-capacities,
which will allow us to propose quadratic objective functions for bi-capacity
approximation and identification.

3.1 Bi-cooperative games and bi-capacities

Let Q(N) := {(A,B) € P(N) x P(N) | AN B = 0}.

Definition 5. A function v : Q(N) — R is a bi-cooperative game on N if
it satisfies v((, ) = 0.

The set of bi-cooperative games on N shall be denoted by BGy as we
continue.

Definition 6. A function v: Q(N) — R is a bi-capacity on N if it is a bi-
cooperative game such that, additionally, for any A,B C N, A C B implies
v(A, ) <wo(B,-) and v(-, A) > v(-, B).

A bi-capacity v is said to be normalized if additionally v(N, () = 1 and
v(0, N) = —1. In the sequel, the set of bi-capacities on N will be denoted
by BCy, and the set of normalized bi-capacities by BCl.

A bi-cooperative game v on N is further said to be of the Cumulative
Prospect Theory (CPT) type (Grabisch and Labreuche, 2005a,b; Tversky
and Kahneman, 1992) if there exist two games p1, 2 on N such that

v(A,B) = u1(A) — pa(B),  V(A,B) € QN).
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(1,2) o (2,1)

(0,28 5 (0.1)

0,0)

Fig. 1. (Q(N), Q) with n =2.

When p2 = py (resp. po = fi1), the bi-cooperative game is additionally said
to be symmetric (resp. asymmetric).

We shall further say that a bi-cooperative game v on N is difference
cardinality-based if, for any (A, B) € Q(N), v(A, B) only depends on the
difference a — b of cardinalities. It is easy to verify that there is only one
normalized bi-capacity on N that is both additive and difference cardinality-
based. We shall call it the uniform bi-capacity and denote it by v*. It is
defined by

a—1>

V'(A,B) =2 = (A) = i (B), V(A B) € Q).

The uniform bi-capacity v* plays the role of the uniform capacity p* since,
as shall become clear in § 3.3, the Choquet integral w.r.t. v* is merely the
simple arithmetic mean.

3.2 The inf-semilattice (Q(IN), Q)

Grabisch and Labreuche (2005a,d,c) and Bilbao et al. (2004) have intro-
duced several orders on Q(N). As discussed in (Grabisch and Labreuche,
2005¢,d), in the considered context, the most appropriate one may simply
be the product order:

(A,A")C (B,B'") &< AC Band A C B

The ordered set (Q(N),C) is then an inf-semilattice with bottom element
(0,0) as shown in Figure 1 (see Grabisch and Labreuche, 2005d, for more
details).



Quadratic distances for capacity and bi-capacity identification 17

Let M(g(n),c) denote the set of maximal chains of (Q(N), C). It is easy
to verify that the sets M g(n),c) and P(N) x Iy are in one-to-one corre-
spondence, which implies that |Mg(ny,c)| = 2"n!. Proceeding as in § 2.2,
with each subset NT C N and each permutation ¢ € ITy, we associate a
unique maximal chain my+ , € M(g(n),c) defined by

my+ o= ((0,0) € {e(n)} NN, {o(n)}NN")
C {oe(n—1),0(n)}NN* {o(n—-1),0(n)}NN") C ...
- C ({o(1),...,o(n)}NN* {o(1),...,0(n)}NN") = (NT,N7)),
where N~ := N\ NT.

Now, given a bi-cooperative game v on N, with each subset N* C N
and each permutation o € IIy (i.e. with each maximal chain my+ ), we
associate a distribution of real numbers wy,, _ on N defined by

Wit o (1) == v ({o(@),...,o(n)}) —vis ({o(i+1),...,0(n)}), Vie N,

where v}, is a game on N defined by -
Vi (C)==v(CNNT,CNN7), vYC C N. (15)
Equivalently,
Wi+ o (1) = v(Mn—it1) — v(Mn—i), Vie N,

where m := my+ , and, for any i € NV, m; denotes the i-th element of the
maximal chain m.

It is important to note that, in general, w?\/*,a’ is neither a probability
distribution nor a distribution of non negative numbers. One exception is
when v is an asymmetric normalized bi-capacity (Kojadinovic and Marichal,
2006, Lemma 9).

In (Fujimoto and Murofushi, 2005) and (Grabisch and Labreuche, 2005d),
the Mobius transform of a bi-cooperative game w.r.t. the inf-semilattice
(Q(N), C) was obtained. For a bi-capacity v on N, it is given by

my(S,T) = Y (=1)NTHIT gy (87 77 V(S T) € Q(N).

T/'CT

The bi-cooperative game can be recovered from the Mobius representation
using the following equation:

o(S,T)= > my(S.,T),  VY(S,T)e QN).

s'cs
T/CT
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3.3 The Choquet integral w.r.t. a bi-cooperative game

In the context of Choquet integral based MAUT, when the utility scale is
bipolar, the following natural extension of the Choquet integral has recently
been proposed by Grabisch and Labreuche (2005b).

Definition 7. The Choquet integral of a function x : N — R, represented
by the vector (z1,...,xy), w.r.t. the bi-cooperative game v on N is defined
by

Cy(x) == V]”i]+(|517|)7

where v}, is the game on N defined by Eq. (15) and Nt :={i € N | z; >
0}, N~ := N\ N*.

As for the Choquet integral w.r.t. a game, the Choquet integral w.r.t. a
bi-cooperative game is a piecewise linear function on each set

On+o:={xeR"|z; >0,Vie Nt z;<0,Vie N™,
and |wa'(1)| << |:Ecr(n)|}7 (N+ CN,o€ HN)u

which cover R™. Indeed, for any 2 € R", there exist N™ C N and ¢ € Il
such that z € On+ , and,

Co(m) =D wii o (D) To()-

ieN

The Choquet integral w.r.t. a bi-cooperative game generalizes the sym-
metric and asymmetric Choquet integrals (Grabisch and Labreuche, 2002)
which are obtained by considering symmetric and asymmetric bi-cooperative
games respectively. It further generalizes the CPT model of Tversky and
Kahneman (1992) which is obtained by considering CPT type bi-capacities.

Let (A,B) € Q(N). In the sequel, (14,15,0x5\(4up)) shall denote an
alternative, called ternary, whose vector of scores is such that all criteria in
A have a score equal to 1, all criteria in B have a score equal to —1, and all
the others have a score equal to 0. As an extension of the Choquet integral
w.r.t. a game, the Choquet integral w.r.t. a bi-cooperative game v satisfies
Co(14,1B,0M (aun)) = v(A, B) for all (A, B) € Q(N). When restricted to
vectors of [—1,1]™, it can be interpreted as the simplest linear interpolation
over [—1,1]™ (Grabisch, 2004).

We end this subsection by providing the expression of the Choquet in-
tegral w.r.t the Mdbius transform on (Q(N), C) obtained in (Fujimoto and
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Murofushi, 2005; Grabisch and Labreuche, 2005d). For any bi-cooperative
game v on N, we have

Crm, (z) = Z my (S, T)

(S, T)eQ(N)

/\:vj/\/\xi_l, VzeR",  (16)

€S €T

where 27 := x; V0 and z; = (—2;)" for alli € N.

3.4 Uniformity measures

The entropy measures presented in § 2.4 can be further generalized. In
(Kojadinovic and Marichal, 2006), the extension of the Shannon entropy to
bi-capacities has been defined by

Z Z s(P%+ ),  YveBCy,  (17)

N+CN n! o€l

where, for any N* C N, and any o € Iy, Py+ , is the probability distri-
bution on N defined by '

Wl (1)
P+ .o (1) = 2 —, Vi€ N. 18
Vool = o O (18)

As in the case of capacities, the extended Shannon entropy ﬁs (v) is nothing
else than an average of the uniformity values of the probability distributions
P+ , obtained along the maximal chains of (Q(V), C). It has been further

shown that ﬁs has a natural interpretation in the context of aggregation by
the Choquet integral w.r.t. a bi-capacity and that it satisfies very appealing
properties that make it a natural measure of uniformity.

Clearly, by analogy with the definition given in Eq. (5), the variance of
a bi-capacity could be immediately defined as an average of the variances of
the probability distributions p¥ N+ o , NT C N, o € IIy. The resulting quan-
tity would not however be a quadratlc form because of the normalization in

Eq. (18).
To obtain objective functions that can be used within a quadratic pro-
gram, we extend the three distances studied in § 2.5 to bi-cooperative games.
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3.5 Quadratic distances between bi-cooperative games

We consider the following three functions from BGy x BGx to R defined,
for any v, w € BGy, by

1
<v,w>1 = 3n _ ] Z U(Sv T)U)(S, T)v
(S, T)EQ(N)
(8, T)#(0,0)

D DEED DI S SN ()

N+CN ~o€lly  i€EN

(v, w)z = i/ Cyp(2)Cy (z)dz.

The two following propositions give more operational expressions of
these functions.

Proposition 9. For any v,w € BGn, we have

(v, W)y = % DY 7;;@@ [(0(S Ui, T) — (S, T))

€N (S,T)eQ(N\17)
X (w(SUi,T)—w(S,T))+ (S, T)—v(S,TUi))(w(S,T)—w(S,TU1)).

Proof. Let v,w € BGy. Using the definitions adopted in § 3.2 and starting
from the expression of (v, w)s, we can rewrite it as

Yo > wmy) = v(my)) (w(my) — w(m; 1))

meMgn),c) JEN

1
(v, w)2 = nl2nn

Let i € N and (S,T) € Q(N \ 7). The number of maximal chains of
M o(n),c) containing (S, T) and (SU,T) is (s+1t)/(n—s—t—1)12n" 5711
Indeed, there are (s + t)! ways to reach (S,T) from ((},?). Similarly, from
(SUi, T), there are (n—s—t—1)! ways to reach an element of the form (K, N'\
K), where K C N\ T, K D SUi, and there are 2"~*~/~1 such elements
in Q(N). The calculation is the same for maximal chains of M g(n),c)
containing (S,T) and (S, T U q).

It follows that, for a given ¢ € N and a given (S,T) € Q(N \ i), when
summing the terms >,y (v(m;) —v(m;—1)) (w(m;) —w(m;—1)) over the
set of maximal chains of (Q(N), C), the terms (v(SU4,T) —v(S,T))(w(SU
i,T)—w(S,T)) and (v(S,T)—v(S,TUi))(w(S,T)—w(S,TUi)) will appear
(s+t)(n—s—t—112" "1 times. O
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Proposition 10. For any v,w € BGy, we have

1
/
)2|TUT'\+|SUS'|

/
(v,w)z = § My (S, T)m (S, T
(S, T)EQ(N)
(87, T')€Q(N)
SUS/CN\(TUT’)

1 1 1
X .
[SUS|+|TUT'| 42 (s+t+1+s’+t’+1>

Proof. Let v,w € BGx. From Eq. (16), we can write

<v,w>3:2in > mu(S, T)ma (S, T')

(S, TYEQ(N)
(S/,T")EQ(N)
(LA™ Lies ieT ies’ ieT’

Now, for any Nt C N, let
On+ ={ze[-1,1]"|Vie N",z; >0, and Vi € N_, z; < 0}.
Then, for any (S,7) € Q(N), and any (S’,7') € Q(N \ i), we have

/. [/\x ¥ia ] [/\xm/\xi

ieT ies’ ieT’
:/ l/\(xz Vo)A N (=) \/0)] l/\ (@i VO) A N\ (=) \/0)] da
(LA™ Lies €T ics’ €T’
= Z / l/\xi/\/\_%} l/\xi/\/\—xi]dx
N+cwvrory Y Ont Lics ieT i€s’ ieT’
N+D(Sus’)
- ¥ / [/\w/\sz/\xiA/\xi]dx,
N+CN\(TUT) [0,1]" €S €T €S’ €T’

N+ D(Sus’)

after a change of variables. Thus, we obtain

[ [/\w Y% ] [/\w:A/\x;]dx

€S €T €S’ €T’

foo [_/\ wn N\ ]d

N+CN\(TuT/ e SUT 1€eS'JT’

N+D(Sus’)
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which, using Lemma 1, is equal to

1 1 1
Z |SUTUS’UT'|+2(s+t+1+s’+t'+1)'
NTCN\(TUT')
N+D(Sus’)

If SUS'CN\(TUT'), then 3 vt cairor 1 = 207 1TOT1=1SUS'] - and

N+D(sus’)
(LA™ Lies ieT ics’ €T’

2n7|TUT’|7|SUS’\ 1 1
C|SUS|+|TUT| +2 s+t+1+s’—|—t’+1 ’
|

IfSUS ¢ N\ (TUT'), then

[ o] [ e

€S i€T €S’ €T’

and we obtain the desired result. 0O

Proposition 11. The functions {(-,-)1, {-,*)2, and (-,-)3 are inner products
mn Bg]\]

Proof. Tt is straightforward that verify that (-,-); is bi-linear, symmetric,
and positive-definite. From Proposition 9, the same clearly holds for (-, ).
The function (-,-)3 is clearly symmetric. Its bi-linearity follows from the
linearity of the Choquet integral w.r.t. a bi-cooperative game. Finally, (v, v)3
is clearly non negative and (v,v)3 = 0 clearly implies that C,(z) = 0 for
all z € [—1,1]", which immediately implies that all the distributions W+ o
NT C N, o € Ily, are zero, and therefore that v(S,7T) = 0 for all (S,T) €
Q(N). O

The quadratic distances between bi-cooperative games obtained from the
previously defined inner products are respectively given, for any v, w € BGy,
by

1
d%(’U,’LU) : 3 _ 1 Z [U(Sa T) —U](S, T)]Qa
(S, T)EQ(N)

(S, T)#(0,0)

Blow): =gz 3 3 LS o) — e L,

N+CN = o€lly €N

1
dg(v,w) D= on [Cy(x) — C’w(x)]Qd:c.
[_171]71
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These three distances being clearly generalizations of those between
games presented in § 2.5, their interpretation is almost identical. In the
framework of MAUT based on bi-capacities, di(v,w) can be regarded as
the average quadratic distance between the global evaluations of ternary al-
ternatives; da(v, w) corresponds to the average quadratic difference between
Choquet integral coefficients; ds(v, w) measures the average quadratic dif-
ference between global evaluations assuming that the alternatives are uni-
formly distributed over [—1, 1]™.

These two last results directly follow from Propositions 9 and 10.

Corollary 3. For any v,w € BGy, we have

42 (v, w) = }: 3y D4t 16 Ui ) — 0(8,T) — w(S UL, T)

2s+t+l
" ieN (s, myea(n\i)

w(S,T))* + (v(S,T) — v(S, T Ui) —w(S,T) + w(S,T Ui))*

Corollary 4. For any v,w € BGy, we have

d2( ) 1 1
3\, W) = Z |[TUT’|+]|SuS’| / /
ST 2 [SUS|+|TUT'|+2
(S, 7")eQ(N)
SUS/CN\(TUT’)

» 1 n 1
s+t+1 s +t'+1
X [my (S, TYmy (S”,T7) — 2my (S, T)mu (S7, T7) + ma (S, T)may, (S”, T")] .

3.6 Towards bi-capacity approximation and identification

Using the three quadratic distances defined in the previous subsection,
the minimum distance approach proposed in § 2.6 for capacities can be
straightforwardly extended to bi-capacities. Indeed, the notion of k-additive
bi-capacity has been defined by Grabisch and Labreuche (2005d) and the
monotonicity and boundary constraints in terms of the Mobius transform
have been derived by Fujimoto and Murofushi (2005). For bi-capacity iden-
tification, typical objective functions would be d? (v*, ), d3(v*,-) or d3(v*,-).
For bi-capacity approximation, besides k-additivity, additional constraints
could involve higher monotonicity requirements whose form was recently
studied by Fujimoto and Murofushi (2005).
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4 Application to capacity identification and approximation

The minimum distance approach based on the three distances among games
proposed in § 2.5 was implemented within the kappalab package (Grabisch
et al., 2005) for the GNU R statistical system (R Development Core Team,
2005). The package is distributed as free software and can be downloaded
from the Comprehensive R Archive Network (http://cran.r-project.
org). The quadratic program is solved using the R quadprog package (Turlach
and Weingessel, 2004) which implements the dual method of Goldfarb and
Idnani (1983) for solving strictly convex quadratic programming problems.

4.1 A simple capacity approximation example

Consider the normalized capacity p defined on {1,2,3,4} given in Table 1
and assume that a 2-additive approximation of it is required.

Table 1. The capacity p to be approximated and its Mobius representation my,.

1 2 3 4 12 13 14 23 24 34
I 03 02 03 01 04 0.5 0.3 04 04 04
m, 03 02 03 01 -01 -0.1 -0.1 -0.1 0.1 0.0

123 124 134 234 1234
o 08 09 1.0 0.7 1.0
m, 03 04 05 0.1 -0.9

For each of the three quadratic distances studied in § 2.5, the Mobius
representation of the minimum distance 2-additive normalized capacity is
given in Table 2.

Table 2. Mobius representations of the three 2-additive solutions for the simple capacity
approximation problem.

1 2 3 4 12 13 14 23 24 34
di 024 024 031 0.09 -0.01 0.04 009 -0.16 0.09 0.04
d2 028 025 033 011 -0.02 0.03 0.08 -0.17 0.08 0.03
d3 027 025 033 011 -0.02 0.03 0.08 -0.17 0.08 0.03
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4.2 A capacity identification example

To illustrate the proposed minimum distance identification approach, we
consider an extended version of the problem presented in (Kojadinovic,
2006) concerning the evaluation of students in an institute training econo-
metricians. The students are evaluated w.r.t. five subjects: statistics (S),
probability (P), economics (E), management (M) and English (En). The
utilities of seven students a, b, ¢, d, e, f, g on a [0,20] scale are given in
Table 3.

Table 3. Partial evaluations of the five students.

Student S P E M En Mean di do d3
18 11 11 11 18 13.80 15.05 15.25 14.95
18 11 18 11 11 13.80 14.55 14.75 14.45
1 11 18 11 18 13.80 14.05 14.25 13.95
13.80 13.55 13.75 13.45
11 11 18 18 11 13.80 13.05 13.25 12.95
11 11 18 11 11 12.40 12,55 12.75 1245
11 11 11 11 18 12.40 12.05 12.25 11.95

Q= ® 0 oo
=
[o¢]
=
[o¢]
—_
—
=
[
=
=

Assume that the institute is slightly more oriented towards statistics and
probability and suppose that the DM considers that there are 3 groups of
subjects: statistics and probability, economics and management, and En-
glish. Furthermore, he/she considers that within the two first groups, sub-
jects are somewhat substitutive, i.e. they overlap to a certain extent. Finally,
if a student is good in statistics or probability (resp. bad in statistics and
probability), it is better that he/she is good in English (resp. economics
or management) rather than in economics or management (resp. English).
This reasoning leads to the following ranking:

a>—ob>—oC>-od>-(/)6>-(’)f>-og.

As far as the aggregation function is concerned, the decision maker shows no
particular preference. For the sake of simplicity, he/she considers that the
simple arithmetic mean would be a good starting point. Given one of the
three quadratic distances studied in § 2.5, the minimum distance approach
here consists in finding the Mobius representation of a k-additive capacity
v which is the closest to u* and that additionally satisfies

Cm, (@) > Cpn, (b) > Cpp, (c) > O, (d) > Cpn,(€) > C, (f) > Cin, (9)

To be practically usable, the above strict inequalities have to be trans-
formed into non-strict inequalities involving a decision maker defined thresh-
old which we here assume to be equal to 0.5, i.e. an alternative is considered
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better than another one by the decision maker if their difference in global
score is greater than half a unit. From a more technical perspective, these
inequalities were implemented using Eq. (4).

By considering students a and b, and f and g, it is easy to see that the
criteria do not satisfy mutual preferential independence, which implies that
there is no additive model that can numerically represent the above weak
order. However, 2-additive models exist. For each of the three quadratic
distances, the Mobius representation of the minimum distance 2-additive
normalized capacity compatible with the above ranking of the students is
given in Table 2. The global scores of the students computed w.r.t. these
capacities are given in the last three columns of Table 3. As expected, the
Choquet integral w.r.t. all three solutions preserves the ranking of the stu-
dents provided by the decision maker.

Table 4. Mobius representations of the three 2-additive solutions for the capacity iden-
tification problem.

S P E M En

d, 035 017 022 014 015

dy 034 018 025 0.15 0.18

ds 0.33 019 021 0.16 0.14
SP SE SM SEn PE PM DPEn BM EBEn MEn
4, 0.15 -0.06 -0.05 0.08 003 0.12 001 -0.07 006 001
d» -0.13 -0.06 -0.04 0.09 0.02 011 -0.03 -0.08 004 -0.01
ds -0.17 -0.05 -0.06 0.10 0.03 0.15 -0.02 -0.08 0.08  0.00

One question that remains to be answered is which distance to choose.
As in most fields in which distances are used, it is difficult to give an ob-
jective answer to that question. In the context of capacity identification,
one may claim that distances dy and d3 are the most natural because of
their (more obvious) link with the Choquet integral. In the context of ca-
pacity approximation however, d; might be considered as being the most
appropriate because of its simple and natural form.
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