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Abstract

Following the recent work of Marichal and Roubens [15] on fuzzy measure identi-
fication in multicriteria decision problems, we propose an alternative unsupervised
identification method based on the estimation of the fuzzy measure coefficients by
means of information-theoretic functionals.
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1 Introduction

Consider a finite set of alternatives A = {ay, ... a,} and a finite set of criteria
N ={ci,...,¢;} in a multicriteria decision problem [14,15|. Each alternative
a € A is associated with a profile v* = (2f,...,2;) € R?, where, for all i =
1,...,q, z¢ is the partial score of a related to criterion ¢;, with ¢ € X; C R. It
is further assumed that all the partial scores are defined on the same interval
scale, i.e. up to the same linear transformation [15].

To each profile can be associated a global score computed by means of an
aggregation operator [13] which takes into account the weights of importance
of the criteria. Based on the global scores, the alternatives can be ranked and
the best alternative selected.

In presence of independent criteria, the most often used aggregation operators
are the weighted arithmetic means [14]. The global score W2 associated to a
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profile x = (x1,...,x,) is then given by
q
W;J = Zwixi
i=1

where, for alli = 1,...,¢q, w; > 0 is the weight of criterion ¢; and 37, w; = 1.

To illustrate the different notions mentioned above, let us consider the follow-
ing example taken from Marichal [14].

Example The problem of evaluating n students a, . .., a, (alternatives) with
respect to three subjects (criteria): linear algebra (Al), probability (Pr) and
statistics (St) is a multicriteria decision problem. The following table gives
the marks of the students expressed on a scale from 0 to 20.

student | AL Pr St | global score
ai | 14 19 16 ?
Qs 11 16 15 ¢
a, 19 19 12 2

Under the assumption of independence among criteria, the calculation of the
global scores by a weighted arithmetic mean obviously first requires the assign-
ment of a weight to each criterion. This step is usually carried out by the
decision maker and thus reflects her/his point of view on the multicriteria
decision problem.

The assumption of independence among criteria is however rarely verified.
In order to be able to model interaction phenomena among criteria, it has
been recently proposed to substitute to the weight vector w a monotonic set
function p© on N allowing to model not only the importance of each criterion
but also the importance of each coalition of criteria (see e.g. [6,7,14,15]). Such
a monotonic set function u, called Choquet capacity [3] or fuzzy measure [26],
satisfies () = 0, u(N) =1 and p(S) < u(T) whenever S C T C N.

A suitable aggregation operator that generalizes the weighted arithmetic mean
when the criteria interact is then the discrete Choquet integral with respect
to the fuzzy measure p (see e.g. [7,14,18]).

Clearly, using the Choquet integral as an aggregation operator first requires
the definition of the fuzzy measure p. However, unlike for the weighted arith-
metic means, it is rather unrealistic to assume that the 27 — 2 coefficients of
a fuzzy measure on N can be provided by the decision maker especially when
the number of criteria is large. In order to cope with the complexity of fuzzy



measures, two supervised identification methods have been recently proposed
[10,11,15|. The term supervised means that some prior knowledge on the mul-
ticriteria decision problem has to be provided by the decision maker before the
methods can be applied. Obviously, the point of view of the decision maker
will have a great influence on the results of the aggregation. The following
questions then naturally arise: What if the complexity of the decision prob-
lem is such that the required knowledge cannot be easily given? What if the
decision maker is not knowledgeable enough about the decision problem?

With these considerations in mind, we propose an unsupervised identification
method of the fuzzy measure based on the estimation of the interaction among
criteria by means of information-theoretic functionals. Our approach mainly
consists in replacing the rather subjective notion of importance of a subset of
criteria by that, probabilistic, of information content of a subset of criteria,
which can be estimated from the set of profiles.

The proposed unsupervised identification method therefore appears as an al-
ternative to the existing approaches developed in [10,11,15] when the prior
knowledge they rely on cannot be provided. From a practical perspective, a
sufficiently large number of profiles is obviously necessary to obtain accurate
estimates of the fuzzy measure coefficients and therefore of the Choquet inte-
gral.

This paper is organized as follows. First, we recall the definitions of the con-
cepts of fuzzy measure, Choquet integral, Mobius representation and inter-
action index in the framework of aggregation. Then, we show the analogy
existing between some of these notions and those of entropy and mutual infor-
mation at the root of information theory, which leads us to defining the weights
of the subsets of criteria in terms of information content. Finally, we study
the statistical properties of the natural estimate of the Choquet integral with
respect to the fuzzy measure thus defined by means of information-theoretic
functionals.

2 Aggregation by the Choquet integral

The Choquet integral with respect to a discrete fuzzy measure p arises as a
natural extension of the weighted arithmetic mean in the sense that it takes
into account the interaction among criteria [14].



2.1 The Choquet integral with respect to a discrete fuzzy measure

As mentioned in the introduction, interaction phenomena among criteria can
be modeled by a discrete fuzzy measure [26].

Let P(N) denote the power set of N.

Definition 1 A discrete fuzzy measure on N is a set function p : P(N) —
0, 1] satisfying the following conditions :

(i) p(0) =0, p(N) =1,
(it) for all S, T C N, SCT = pu(S) < u(T).

For each subset of criteria S C N, p(S) can then be interpreted as the weight
or the importance of the coalition S. The monotonicity of ;¢ means that the
weight of a subset of criteria can only increase when one adds new criteria to
it.

When using a fuzzy measure to model the importance of each subset of criteria,
a suitable aggregation operator that generalizes the weighted arithmetic mean
is the discrete Choquet integral (see e.g. [7,13,18|) which is defined as follows.

Definition 2 Let p be a fuzzy measure on N. The discrete Choquet integral
of a function x : N — R with respect to i is defined by

q

ch .= Z(Sc(i) - x(i—l))M(A(i))a

i=1

where (.) indicates a permutation such that rqy < -+ < x(q) with the conven-
tion that x) = 0 and where Ay = {cq),...,cq} foralli=1,... 4.

The Choquet integral, as we shall see in the next subsection, takes into account
the interaction among criteria by means of the fuzzy measure p. As soon as
w1 is additive, that is, as soon as the criteria are independent, the Choquet
integral collapses into the weighted arithmetic mean, i.e.,

on = ilmmm.

An intuitive presentation of the Choquet integral can be found in [18]. In the
framework of aggregation, its behavior is briefly illustrated in the following
example.

Example (Continued) Consider a fuzzy measure pu such that u({Pr}) = 0.3,
w({St}) = 0.4 and pu({Pr,St}) = 0.5. Note that p is not additive, i.e., that



the criteria interact since p({Pr,St}) # p({Pr}) + w({Pr}). The Choquet
integral of x™ = (14,19, 16) with respect to u is then given by
Cloy = 14u({Al, Pr,St}) + (16 — 14)u({ Pr, St}) + (19 — 16)u({ Pr}) = 15.9.

xT

It should be noted that an axiomatic characterization of the Choquet integral
as an aggregation operator has been recently proposed by Marichal [14].

2.2  The Mdbius representation of a fuzzy measure

Any fuzzy measure p on N can uniquely be expressed in terms of its Mobius
representation |8,14,21] by

w(T) =Y a*(S) forall T C N,
ScT

where the set function a* : P(N) — R is called the Mdbius transform or
Mobius representation of 1 and is given by

a"(S) = > (=)= Tly(T) for all S C N. (1)

TCS

In terms of the M6bius representation of y, Chateauneuf and Jaffray [2] showed
that, for all x € R?, the Choquet integral of x with respect to u is given by

ct=>"a"(T) N\ i, (2)

TCN i:c; €T
where the symbol A denotes the minimum operator.

In the previous subsection, an interpretation of the coefficients 1(S), S C N, as
weights of subsets of criteria has been given. In a similar way, the coefficients
a*(S), S C N, can be assigned a particular meaning in the framework of
aggregation.

Notice from Eq. (1) that a fuzzy measure u and its Mdbius representation
a* coincide on singletons. For pairs {c;,c;} € N, we have a"({c;,c;}) =
p({cisci}) — [p{a}) + u({c;})]. How could we interpret this difference be-
tween the importance of the pair {¢;,¢;} and the sum of the importance of
criteria ¢; and ¢;?

Following Marichal [14], it seems natural that if there is no interaction be-
tween ¢; and c;, the importance of the pair {¢;,c;} be equal to the sum of
the importance of ¢; and ¢; i.e. u({c;,¢;}) = p({c:}) + p({c¢;}) and therefore



a*({ci,¢j}) = 0. If ¢; and ¢; interact in a positive or complementary way, the
importance of the pair {¢;, ¢;} should be superior to the sum of the impor-
tance of ¢; and ¢;, that is u({c;,¢;}) > n({c;}) + p({c;}) and consequently
a*({ci,c;}) > 0. In the same way, in case of negative interaction or redun-
dancy between ¢; and c;, we should have u({c;,¢;}) < p({a:}) + p({c;}) ie.
a*({c;,¢j}) <O.

Example (Continued) Because of the relationship existing between the sub-
jects of probability and statistics, it is highly likely that students good at proba-
bility be also good at statistics and vice versa. The redundancy between the two
criteria can therefore be modeled by a fuzzy measure p such that u({Pr, St}) <
uw({Pr}) + n({St}) i.e. a*({Pr,St}) <O0.

For three criteria c;, c;, ¢, € N, we have

a*({ci, ¢y e }) = p{ci, ¢, ar}) — p{ei, ¢53) = pl{es e t) — p({e, ar})
+u({ed) + p{e}) + pl{er}),

which we can, for instance, rewrite as

a'({ci, ¢j, en}) = pl{eis ¢y en}) — pl{ci, er}) — p({ej, en}) + p({er})
—a"({ci,¢5}). (3)

Could we give an interpretation of the expression u({c;, ¢;, cx}) — pu({ci, e }) —
pn({cj, cx}) +p({ck}) in the spirit of that of the M6bius coefficient a*({c;, ¢;})?

Note that, for any 7' C N, for any S C N \ T, the difference pu(7'U S) — u(T')
can be interpreted as the marginal contribution of subset S of criteria to subset
T or as the marginal importance of S in the presence of T [14,25].

Thus, expression 1({ci ¢;,cc}) — p({en ex}) — p({es exh) + pl({er}) can be
regarded as the difference between the marginal contribution of ¢; to the pair
{ci, ¢} and the marginal contribution of ¢; to criterion ¢; alone. Having for
instance p({c;, cj, cx}) — n({ci, e }) > p({cj, cx}) — p({ck}) (resp. <) can then
be interpreted as positive (resp. negative) interaction between ¢; and c¢; in the
presence of c¢i. Hence, following Marichal [14], the expression u({c;, ¢j, cx}) —
pl{ci, ei})—p({e, e })+r({ck}) will be called the marginal interaction between
¢; and c; in the presence of ¢, and shall be denoted a*({c;, ¢; }|{cx}) by analogy
with the coefficient a*({c;, c;}) of the Mobius representation of f.

Going back to Eq. (3), it is easy to check that a*({c;, ¢j, ¢ }) can be rewritten



as

a*({ci, cj, er}) = a"({ci, ¢t {ex}) — a”({eis ¢5}),
= a"({ci, ex{c;}) — a"({ci, er}),
= a"({cj, exp{ei}) — a*({¢j, er })-

Assume now for instance that a*({c;,c;}/{ck}) = a*({ci,c;}) i-e. in others
words that the presence of ¢, does not affect the interaction between criteria
¢; and c¢;. From the equations above, this is equivalent to

a({ci, ce}{e;}) = a({ci, e }),
a({cj, extl{ci}) = a*({c;, ex}),
a*({c;, ¢, cx}) = 0.

Thus, we see that if the presence of one of the three criteria does not affect
the interaction between the two others, then, by symmetry, the interaction
between any pair of criteria is not affected by the presence of the remaining
criterion. In this case, it seems natural to say that the three criteria do not
interact. Similarly, if, for example, a*({c;, ¢;}|{cx}) > a*({ci, ¢;}) (resp. <),
we shall say that ¢;, ¢, ¢, interact positively (resp. negatively).

By extension, for all S C N, |S| > 2, the coefficient a*(S) can be interpreted
as the interaction among criteria in S. Should it be positive (resp. negative),
then the criteria in S interact positively (resp. negatively).

This interpretation is given even more weight by noticing that p is additive
if and only if a#(S) = 0 for all S C N, |S| > 2, in which case, as mentioned
before, the Choquet integral collapses into the weighted arithmetic mean.

2.8 Importance and interaction indices

Although fuzzy measures form powerful tools for modeling interaction phe-
nomena among criteria, their behavior, and therefore that of the Choquet
integral, is generally difficult to understand. For a better understanding of
these interaction phenomena, it is possible to compute global indices of im-
portance and interaction which can be seen as an identity card of a fuzzy
measure [8,9,14,22].

The concept of importance indez, which was initially proposed by Shapley [25]
in game theory, can be used to measure the overall importance of a criterion



¢; € N with respect to a fuzzy measure p. More formally, the Shapley impor-
tance index or Shapley value of a criterion ¢; can be interpreted as a weighted
average of the marginal contributions of ¢; to coalitions 7" not containing c;
and is defined by

T ({ei}) == > (Tu{e}) — D).

15 () reiin

Two basic properties of the Shapley importance index are Y7, 7§, (¢;) = 1
and Zf,({¢;}) = u({c;}) if p is additive.

Following Shapley [25] and Owen [19], Murofushi and Soneda [17] have pro-
posed the notion of interaction index between two elements as a way to measure
the average marginal interaction between two criteria ¢; and ¢;. The Shapley
interaction index between two criteria ¢; and c; is defined by

1 22
Tsn({cinei}) = —— > 2 m(TUu{e gl
q k=0 ( i ) TCN\{ci,c;}
T|=k

— T U{c}) =T U{e}) + pu(T)].

These notions have been recently further generalized by Grabisch [8] and
Roubens [22]. Thus, the Shapley interaction index among criteria in S C N is
defined by

" — (g —|T| = ISP _1\IS|-1z|

The set function 7%, : P(N) — R is called the Shapley interaction represen-
tation of the fuzzy measure p [8,9].

3 Definition of the weights of interacting criteria using information-
theoretic functionals

Before being able to use the Choquet integral as an aggregation operator in a
multicriteria decision problem, it is obviously necessary to identify the weights
of all subsets of criteria, or equivalently, the interactions among elements of all
subsets of criteria. In other words, the problem is to identify the coefficients
of a fuzzy measure p on N or the coefficients of its Mobius representation a*.



However, unlike for weighted arithmetic means, it is rather unrealistic to as-
sume that the 27 coefficients of a fuzzy measure p or of its Mdbius represen-
tation a can be provided by the decision maker especially if the number of
criteria is large.

In order to cope with the exponentially increasing complexity of fuzzy mea-
sures, two supervised identification methods have been recently proposed. The
first approach assumes that profiles along with their global scores are given by
the decision maker [10]. The fuzzy measure coefficients are then obtained by
solving a quadratic program. The second approach, proposed by Marichal and
Roubens [15], uses knowledge in the form of a partial preorder over a reference
set of alternatives with semantical considerations. The two approaches have
been compared in [11].

3.1 A probabilistic view of the identification problem

Unlike the two supervised identification methods mentioned above, we aim at
identifying p or a* in an unsupervised way, that is only from the set {z*,a € A}
of profiles whose global scores are to be computed. Indeed, such an approach
could be an interesting alternative for the decision maker when the prior knowl-
edge required by the supervised methods proposed in [10,11,15] cannot be
easily given.

The identification problem thus clearly appears as an estimation problem,
which naturally leads us to adopting a probabilistic point of view. Hence, in
the rest of the paper, we assume that each criterion ¢; € N is a random variable
taking its values in the set X;. It follows that, for each alternative a € A, the
partial score x{ can be interpreted as a realization of the random variable c;,
or equivalently, that each profile 2%, a € A, can be seen as a realization of the
random vector N = (cy, . . ., Cq)-

The fundamental assumption made in the introduction which states that all
the partial scores are defined up to the same linear transformation [14] enables
us to consider, without loss of generality, that, foralli =1,...,¢, X; = X CR.

Furthermore, from a more practical perspective, in most aggregation problems
criteria usually only take a finite number of values. Thus, forall: =1,...,¢q, ¢;
can be considered as a discrete random variable taking its values in the finite
set. X. Should the criteria happen to have a continuous nature, they can be
straightforwardly transformed into discrete random variables by discretizing
the real interval [min X, max X|.



3.2  Measuring interaction among random variables

As we have seen in Subsection 2.2, for all S C N, |S| > 2, the coefficient
a*(S) of the Mobius representation of a fuzzy measure ;1 can be interpreted
as a measure of interaction among the elements in S. One way of tackling
our identification problem is therefore to try to answer the following question:
How can we measure the interaction among several discrete random variables?

In the case of two random variables, many measures of dependence have been
proposed in the literature (see e.g. [12,23|). Note that the term dependence
traduces the fact that two random variables can interact only in a negative or
redundant way.

For more than two random variables, the only notion measuring interaction
in the spirit of the Mobius representation, to our knowledge, is that of mutual
information [1,4].

3.8  Entropy and mutual information

The notions of entropy and mutual information are at the root of information
theory [1,4,24] and arise as natural tools for measuring the information content
of a random variable and the information common to two random variables
respectively.

The entropy can be equivalently interpreted as a measure of the uncertainty
contained in a discrete probability distribution [4,24] and is defined as follows.

Definition 3 Let p be a discrete probability distribution on a set ©. The
(Shannon) entropy of p is defined by

H(p) :=—=>_ p(6) Inp(0).

0cO

The quantity H (p) can also be seen as measure of the uniformity of the discrete
probability distribution p. Indeed, it is always non-negative, it is zero if and
only if p is a Dirac mass and it reaches its maximum value if and only if p
is uniform. Furthermore, if a discrete probability distribution p; is obtained
from another discrete probability distribution p, by combining masses, then
H(p1) < H(ps). Other properties of the entropy of a discrete probability
distribution can be found in [4].

By convention, the entropy of a random vector is defined as the entropy of
its probability distribution [4]. More formally, the entropy of a random vector

10



(x1,...,x,) with probability distribution p is given by

H(zy,...,z,) = H(p).

It is easy to check that the ! random vectors composed of the random variables
x1,...,x, have the same entropy. Hence, in the sequel, we define the entropy
of the set {x1,...,x,} as the entropy of any of the r! random vectors composed
of all the random variables x4, ..., z, and we denote it by h({z1,...,z,}).

Following [4], the conditional entropy of a set of random variables V; given a
set of random variables V5 is then defined by

h(Vi[Va) == h(V1 U Va) — h(V3).

In terms of the entropy A, the mutual information between two discrete random
variables x; and x5 is given by

I({xy, w2}) := h({x1}) + h({x2}) — ({21, 22}),

and can be interpreted as a measure of general dependence between x; and
Zo. Indeed, it is always non-negative and it is zero if and only if z; and x5 are
statistically independent. Furthermore, I({x1,22}) < min[h({z1}), h({z2})]
with equality if and only if x; is a function of x5 or x5 is a function of z; [12].

As for the entropy, a conditional version of the mutual information can be
straightforwardly defined by replacing entropies by conditional entropies [4].
Thus, the conditional mutual information between two discrete random vari-
ables x; and x, given a set of random variables V' is simply given by

I({z1, 22}V) := h({z1}V) + h({22}|V) — h({z1, 22}|V)
and satisfies the same properties as the non-conditional mutual information.

In [1], the mutual information among three random variables x;, x5 and x5 is

defined by

I({z1, 02, 13}) := h({z1}) + h({72}) + h({73})
— h({z1, 22}) — h({z1, 23}) — h({22, 23}) + h({71, T2, 73}).

It is easy to check that it can be rewritten as

[({SL’l, Ta, .T3}) = [({xla 1’2}) - [({xh .TQ}‘{:C?,}),
= I({x1,23}) — I[({z1, x5} |[{z2}),
= I({z2, x3}) — I({z2, z3}[{21}).

11



Thus, following the same reasoning as in Subsection 2.2, we shall say that the
random variables x1, x5 and x5 interact if and only if I({xy, z2,23}) # 0.

Unlike the (conditional) mutual information between two random variables,
I({x1, z2, 3}) is not necessarily non-negative |[4] which implies that three ran-
dom variables can interact in a positive or complementary way.

By analogy with the mutual information among two and three random vari-
ables and with the convention that h(()) = 0, the mutual information among

the r random variables z1, ..., x, is defined by
I(onmd) = Y (—1)SHR(S).
SC{z1,....xr}

Note that this definition implies that i and I coincide on singletons.

By extension, the random variables z1, ..., x, will be said to interact if and
only if I({zy,...,z,}) # 0.

Thus, the notion of mutual information clearly appears as a measure of in-
teraction among random variables which is in the spirit of the Mobius repre-
sentation of a fuzzy measure. Furthermore, it is interesting to note that the
mutual information I plays for i a role similar to that played by a* for u .

3.4 Definition of the weights of interacting criteria

From the properties of the Shannon entropy, it is easy to check that h as a
set function on N is always non-negative and monotone. Thus, h is a fuzzy
measure on N that simply does not satisfy the boundary condition h(N) = 1.
Furthermore, its Mobius transform is straighforwardly given by

a"(S) = (=1)¥*11(S) for all S C N.

Having in mind the analogy between the notions of mutual information and
Mobius representation in the aggregation framework, in a probabilistic con-
text, its seems natural to define the weights of the subsets of criteria of NV
using the fuzzy measure v given by

v(S) = }};((]i)) forall S C N,

under the assumption that h(N) # 0.

12



The weight of a subset S of criteria is therefore defined as the quantity of infor-
mation contained in the set S of random variables with respect to the overall
information h(N). Thus, in the considered probabilistic context, the rather
subjective notion of importance is replaced by that of information content.

The trivial case h(N) = 0 occurs if and only if the probability distribution
p" of the random vector N = {c1,...,¢,} is a Dirac mass, which implies that
all the realizations =%, a € A, of the random vector N would be necessarily
equal. In such a case, it obviously makes no sense to calculate global scores.

In the rest of the paper, we shall therefore assume that h(N) # 0.

Since we know the expression of the Md&bius transform of h and thus that
of v, we can therefore say that the criteria ¢y, ..., ¢, interact positively (resp.
negatively) if and only if

a’({c,...,¢.}) = (=™ Iégjc\;ﬁ scrd) > 0 (resp. < 0).

Note that h and therefore v satisfy the additional property of submodularity
[8]. This is due to the fact that the marginal interaction between two criteria
can be only negative, i.e, that the conditional mutual information between
two random variables is necessarily non-negative [4].

4 Estimation of the Choquet integral from the set of profiles

Computing the Choquet integral of an alternative x € R? with respect to
the fuzzy measure v obviously requires the knowledge of the entropies h(S),
S C N, which, in turn, require the joint probability distribution p" of the
random variables ¢y, ..., ¢, to be known.

The unknown probability distribution p” can be easily estimated from the
available profiles {z%, a € A}, which, as mentioned in the previous section,
correspond to realizations of the random vector N = (¢1y...,¢4). An esti-
mate of the Choquet integral can then be straightforwardly obtained from the
estimate of the probability distribution p” .

In this section, based on the recent work of Morales et al. [16] on uncertainty

measures, we study the statistical properties of the natural estimator of the
Choquet integral of an alternative x with respect to the fuzzy measure v.

13



4.1 Preliminaries

Throughout this section, we assume, without loss of generality, that X =
{1,...,m}. To avoid trivialities, we further suppose that m > 1.

Having in mind that the criteria in N are considered as discrete random vari-
ables, to every subset S = {¢;,,...,¢;, } € N, we associate the discrete random
vector § = (C(ir)s - - - » C(i,)) Where (.) indicates a permutation of the indices such
that (iy) < --- < ().

Recall that the probability distribution of Ehe random vector N has been
denoted p". The probability of the event {N = (ki,...,k,)}, (k1,...,k,) €
{1,...,m}9, shall then be denoted py , .

Moreover, in the sequel, the probability distribution p" shall be equivalently
represented by the m?-dimensional vector

(pi\,[...,lv ce 7p%,...,m)t

where the symbol ! denotes the vector or matrix transpose.
4.2 The Choquet integral as a function of p"

Let x € {1,...,m}? be an alternative whose global score is to be calculated.
Without loss of generality, throughout the rest of this section we assume that
x is such that z; < --. < z,. The Choquet integral of x with respect to v is

then given by ™ h(A)
Ti — Ti—1 i

C* = =1
: h(N) ’
where, for all i = 1,...,¢, A; = {¢,...,¢,} and with the convention that
To = 0.

The relationship between p"¥ and the marginal probability distribution p“i of
the random vector A; is obviously given by

A; _ N
pki,...,kq o Z pkl,---vkq
k1,....ki—1

fork; =1,...,m,for j=1,...,q.

Thus, we can straightforwardly write h(4;) = H(p) in terms of p"V as

Hp*)=— > ( > PkNL...,kq> ln( 2 p]kvu---vkq>'

kiyookg \F1,. ki1 ki,.ki1

14



Hence, as expected, the Choquet integral of x with respect to v can be writ-
ten as a function of the probability distribution p”. Thus, in the rest of this
section, we denote it C'(p") and we study the statistical properties of its natu-
ral estimator C'(p"), where p" is the standard maximum likelihood estimator
of p™.

4.8  Asymptotic properties of p~

Given a random sample ]\71, cee N, drawn according to the probability dis-
tribution p?, the standard maximum likelihood estimator of p”" is defined
by

R 1 &
PN k1, Ky :EZ (Grske)} ( j)fora,ll(krl,...,kq)6{1,...,m}q,

where 1y, . %)y (V) is the indicator of the event (N = (ky,..., kq)}-

In order to determine the asymptotic distribution of p~, we define the md-
dimensional random vector Y as

Y = (L) =Y 1 Yy (N) = D)

It is easy to check (see e.g [16,23]) that F[Y] = 0 and that E[YY'] = A =
diag(p™) —p™ (p")! where diag(p) denotes the diagonal m? x m? matrix whose
diagonal elements are the coefficients p{’ ,...,p} ..

The following proposition, which is a well-known result (see e.g [16,23]), gives
the asymptotic properties of p*.

Proposition 4

nhi& PV = p" almost surely.
lim n'/2(pY — p) = N(0,A) in distribution.

n—0o0

Proof. Denote by Y; the random vector corresponding to the random variable
N; in the random sample Ny, ..., N,. Then, it is easy to check that

The first relation therefore directly follows from the strong law of large num-
bers. The second relation is obtained by noting that n(p™ —p?) is the sum of n
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independent and identically distributed random vectors and therefore follows
from the multidimensional central limit theorem. [

4.4 Asymptotic distribution of C(p)

As we have seen in the previous subsections, the Choquet integral of x with
respect to v is a function of the probability distribution p”. In the following,
we study the asymptotic distribution of C'(p") using the well-known delta
method (see e.g [5,12,23]).

Recall that the support of p is defined by

sup(p™) = {(k1, ..., kg) € {1,...,m}? such that p;’ K, 7 0}

-----

It is easy to check that, for all p” such that sup(p™) = {1,...,m}9, C(p") is
differentiable and that its gradient C’(p") is given by

-----

where, for all (ki,...,k,) € {1,...,m}% C} . (p") is defined by

.....

-----

.....

......

.....

1 ! OH(p%)\  oH(Y)
k1,..., k?q( ) H(pN) ;( 1)8]){6\1 ..... by apé\i ..... ke ( )
where A; = {¢;,...,c,} and o = 0 by convention.

Should sup(p™) # {1,...,m}?, following Morales et al. [16], we put the unde-
fined components of the gradient, that is those corresponding to (ky, ..., k,) ¢
sup(p"), to be zero.

The asymptotic distribution of the C(p") is then given by the following propo-
sition.
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Proposition 5 The estimator C(pY) of C(pY) is consistent in the sense

lim C(p") = C(p") almost surely,

n—oo

and asymptotically normal in the sense

lim n'2(C(HN) — C(p™)) = N(0, 02 (pN)) in distribution,
c

n—oo

Proof. The first relation follows from the continuity of C'(p") and Proposi-
tion 4.

N

To prove the second relation, notice that sup(p”) = sup(p)" almost surely

[16]. Hence, the Taylor expansion
C(pY) = C™) + ') (Y = p™) +op(Ip™ — "))
holds for every p™ on {1,...,m}.

The desired result follows therefore from the above expansion and the Cramer-
Wold theorem [23]. O

4.5 Confidence interval for the Choquet integral

From the continuity of o¢(p?¥) and from Proposition 4, we straightforwardly
obtain that oc(pY) converges towards oc(p") almost surely. Therefore, pro-
vided oc(p") # 0, the statistic

n'2(C(p~) — C(p"))
oc(pN)

converges in distribution to N (0, 1).

Thus, if n and o (p") are sufficiently large, an approximate a-level confidence
interval for C'(pY) is given by

[C(p™) — n*1/2ac(]3N)(I>(1 —a/2),C(pN) + n71/2ac(ﬁN)(I>(1 — a/2)]

where ®(a) denotes the a-quantile of N (0, 1).
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Note that if o¢(p") = 0 then n'/2(C(pY) — C(p")) tends in distribution to
the constant 0 and C(p) is approximable by C'(p") with a better accuracy
than n~'/2 [16].

4.6  Behavioral analysis of aggregation

As mentioned in Subsection 2.3, the notion of interaction index can help the
decision maker to understand the behavior of the fuzzy measure v and thus
gain more knowledge about the decision problem.

As for the Choquet integral, a natural estimate of the interaction index 7§, (.5)
among criteria in subset S C N is straightforwardly obtained by replacing p™v
by its estimate in the expression of Zg, (.S). Furthermore, proceeding as in the
previous subsections, an approximate confidence interval for the estimate of
the interaction index Z¢,(S) can be derived if necessary.

4.7 Testing for the independence of criteria

Using the Choquet integral as an aggregation operator instead of a weighted
arithmetic mean obviously makes sense if and only if the criteria in NV interact.
In the considered probabilistic framework, the independence of the criteria
could be tested using extensions of well-known independence tests based on
divergence measures such as the well-known Pearson’s x2-divergence [20].

5 Conclusion

In this paper, we have proposed an unsupervised method for the identification
of weights of interacting criteria. Based on the analogy between the notion
of Mobius representation in the aggregation framework and that of mutual
information at the root of information theory, we have defined the weight of
a subset of criteria in terms of its relative information content. The weight
of each subset of criteria can then be easily estimated from the set of profiles
whose global scores are to be computed. Provided the number of profiles is
sufficiently large, an approximate confidence interval for the Choquet integral
can be obtained.

The approach proposed in this paper can therefore be an interesting alternative

for the decision maker when the prior knowledge required by the existing
supervised methods [10,11,15] cannot be easily given.
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From a practical perspective, as all multivariate statistical methods, the ap-
proach presented in this paper suffers from the so-called "curse of dimen-
sionality". In order words, to obtain estimates of the global scores of a given
accuracy, the number of profiles has to grow almost exponentially with the
number of criteria. An empirical study would be necessary to explore the
practical limits of the method.
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