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Abstract

In the framework of multi-criteria decision making whose aggregation process is
based on the Choquet integral, we present a maximum entropy like method enabling
to determine, if it exists, the “least specific” capacity compatible with the initial
preferences of the decision maker. The proposed approach consists in solving a
strictly convex quadratic program whose objective function is equivalently either
the opposite of a generalized entropy measure or the variance of the capacity. The
application of the proposed approach is illustrated on two examples.
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1 Introduction

Let us consider a multi-criteria decision making problem characterized by a set
A :={a,b,c,...} of alternatives described by a set N := {1,...,n} of criteria.
We further assume that with each alternative a € A can be associated a profile
(ay,...,a,) € R" where, for any i € N, a; € E; C R represents the utility of a
related to criterion ¢. For each a € A, we additionally make the hypothesis that
the values aq,...,a, are given on the same interval scale, which implies that
all the utilities are commensurable® . In particular, E; = E,Vi € {1,...,n}.

In classical multi-attribute utility theory (MAUT) (see e.g. [3]), the aim is to
model the preferences of the decision maker represented by a binary relation

Email address: ivan.kojadinovic@polytech.univ-nantes.fr (Ivan
Kojadinovic).
I From a practical perspective, the obtention of the utilities on a common inter-
val scale can be performed, in the considered context, using the extension of the
MACBETH methodology [1] proposed in [2].
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>4, by means of a wtility function U : E™ — R such that

a>ab <= Ulay,...,a,) >U(by,...,b), Va,be A

The form of the utility function U depends on the hypotheses on which the
multi-criteria decision making problem is grounded. When it can be assumed
that the criteria are mutually preferentially independent (see e.g. [4]), it is
frequent to consider that the utility function is additive and takes the form of
a weighted arithmetic mean, i.e.

Ula) =W,(a) := Zwiai, Vae R,
i=1

where, for any i € {1,...,n}, w; is the weight of criterion ¢ with w; > 0 and
n

The assumption of independence among criteria is however rarely verified. In
order to be able to take interaction phenomena among criteria into account,
it has been recently proposed to substitute a monotone set function p on
N :={1,...,n}, called Choquet capacity [5] or fuzzy measure [6], to the weight
vector w, thereby allowing to model not only the importance of each criterion
but also the importance of each subset of criteria [7.8].

A suitable aggregation operator that generalizes the weighted arithmetic mean
when the criteria interact is then the Choquet integral with respect to (w.r.t.)
the capacity u [7,8,2].

The use of a Choquet integral as a utility function clearly requires the prior
identification of the underlying capacity p. The learning data from which u is
to be determined consists of what Marchant [9] calls the initial preferences of
the decision maker : usually, a partial weak order over the set of alternatives,
a partial weak order over the set of criteria, intuitions about the importance
of the criteria, about their interaction, etc. In such a context, Marichal and
Roubens proposed a simple identification method based on linear program-
ming [10] which is the starting point of our work. Note that the capacity
identification problem was also addressed in [11-15] in a more general frame-
work.

In this paper, we propose an identification method based on a maximum en-
tropy like principle [8,16-18]. The learning data are the same as those used
in Marichal’s and Roubens’ method [10]. The main difference comes from the
fact that among all the admissible capacities (compatible with the initial pref-
erences of the decision maker), we choose the “least specific one”, i.e. the one
such that the corresponding Choquet integral is the closest to the simple arith-
metic mean in the sense of a natural distance. From a practical perspective,



the approach consists in solving a strictly convex quadratic program whose
objective function is equivalently either the opposite of the extended Havrda
and Charvat entropy of order 2 or the variance of the capacity. The proposed
methodology has been implemented within the kappalab package [19] for the
GNU R statistical system [20] (cf. § 5.3).

The paper is organized as follows. The first section is devoted to the presen-
tation of the Choquet integral as an aggregation operator and to numerical
indices that can be used to understand its behavior. In the second section,
extensions of probabilistic entropy measures to capacities are introduced and
the notion of variance of a capacity is defined. Next, a generalization of the
maximum entropy principle to capacities is discussed and an interpretation
of it in the context of Choquet integral based aggregation is given. The last
section deals with the practical implementation of this principle and ends with
two examples.

In order to avoid a heavy notation, we will often omit braces for singletons,
e.g., by writing p(2), N\ instead of p({:}), N\{:}. Similarly, for pairs, we will
write ij instead of {7, j}. Furthermore, cardinalities of subsets S, T,..., will
often be denoted by the corresponding lower case letters s,t, ..., otherwise by
the standard notation |S|,|T],...

2 Aggregation by the Choquet integral

2.1 Choquet capacities and integral

As mentioned in the introduction, interaction phenomena among criteria can
be modeled by a capacity [5] also called fuzzy measure [6].

Let P(N) denote the power set of N.

Definition 1 A capacity on N is a set function p: P(N) — [0,1] satisfying
the following conditions :

(i) p(@) =0, p(N) =1,
(i1) for any S,T C N, S CT = u(S) < u(T).

Furthermore, a capacity p on N is said to be

e additive if u(SUT) = pu(S) + u(T) for all disjoint subsets S,T C N,

o cardinality-based if, for any T C N, u(T) depends only on the cardinality
of T. Formally, there exist jg, pi1, - . ., ptn, € [0, 1] such that u(T) = p, for all
T C N such that |T| =t.



Note that there is only one capacity on N that is both additive and cardinality-
based. We shall call it the uniform capacity and denote it by p*. It is easy to
verify that p* is given by

w(T) =t/n, VI C N.

In the framework of aggregation, for each subset of criteria S C N, the number
1(S) can be interpreted as the weight or the importance of S. The monotonicity
of ;1 means that the weight of a subset of criteria can only increase when new
criteria are added to it.

When using a capacity to model the importance of the subsets of criteria, a
suitable aggregation operator that generalizes the weighted arithmetic mean
is the Choquet integral [7,8,2].

Definition 2 The Choquet integral of a function a : N — R represented by
the profile (ay,...,a,) w.r.t. a capacity p on N is defined by

n

Cula) ==Y aw[(Aw) — 1(Au),

=1

where the notation (y indicates a permutation such that agy < --- < a(y). Also,
A(i) = {(Z), Cey (n)}, fOT all 1 € {1, ce ,n}, and A(n+1) =V.

Seen as an aggregation operator, the Choquet integral w.r.t. u can be re-
garded as taking into account interaction phenomena among criteria, that is,
complementarity or redundancy effects among elements of N modeled by p [8].
Indeed, complementarity (resp. redundancy) between two disjoints subsets of
criteria. A and B can be naturally modeled by the inequality pu(A U B) >

u(A) + u(B) (resp. <).

The Choquet integral generalizes the weighted arithmetic mean in the sense
that, as soon as the capacity is additive (which intuitively coincides with the
independence of the criteria), it collapses into a weighted arithmetic mean (i.e.
a Lebesgue integral), that is

Cula) == a;u(i), Va = (ay,...,a,) € R™
i=1

An intuitive presentation of the Choquet integral is given in [21]. Note that an
axiomatic characterization of the Choquet integral as an aggregation operator
was proposed by Marichal in [8].



2.2 The Mébius representation of a capacity

Any set function v : P(N) — R can be uniquely expressed in terms of its
Mobius representation [22] by

v(T) =Y m,(S), VTCN, (1)
SCT

where the set function m, : P(N) — R is called the Mdbius transform or
Mobius representation of v and is given by

m,(S) =Y (=1)*"v(T), VS C N.

TCS

Of course, any set of 2" coefficients {m(S)} sc x does not necessarily correspond
to the Mobius transform of a capacity on N. The boundary and monotonicity
conditions must be ensured [23], i.e., we must have

m(@) — @, ZTQN m(T) = ]_,

S rcs m(T) >0, VSCN,Vies.

T34

As shown in [23], in terms of the Mdbius representation of a capacity p on N,
for any a = (aq,...,a,) € R", the Choquet integral of a w.r.t. i is given by

Cm,(a) = Z m,(T) /\ a;, (3)

TCN ieT

where the symbol A denotes the minimum operator.
2.3  Behavioral analysis of the aggregation

The behavior of the Choquet integral as an aggregation operator is generally
difficult to understand. For a better comprehension of the interaction phe-
nomena modeled by the underlying capacity, several numerical indices can be
computed. In the sequel, we present two of them in detail.

The global importance of a criterion ¢+ € N can be measured by means of its
Shapley value [24], which is defined by

Gu(i) == D vs(n)[u(T' Vi) = u(T)],

TCN\i



where el
vo(n) = M (5=0,1,...,n—1).
n!
The Shapley value of ¢ can be thought of as an average value of the marginal
contribution p(T Ui) — u(T) of criterion i to a subset 7" not containing it. A
fundamental property is that the numbers ¢, (1), ..., ¢,(n) form a probability
distribution on N. In terms of the Mdbius representation of p, the Shapley

value of 7 can be rewritten as

bmpli) = X T V) ()

TCN\i

The average interaction between two criteria ¢ and j can be measured by
means of their Shapley interaction index [25,26] which is defined as

(n—t—2)'!

=1 [W(T Uig) — (T Vi) — p(T'U j) + p(T)).

Iu(ij) = Z

TCN\ij

Similarly to the Shapley value, the Shapley interaction index between two cri-
teria ¢ and j can be regarded as an average value of their marginal interaction

w(T'Uij) = (T Vi) — (T U j) + u(T)

in the presence of a subset T of criteria not containing them. An important
property is that I,(ij) € [—1,1] for all ij € N [25], the value 1 (resp. -1)
corresponding to maximum complementarity (resp. redundancy) between i
and j. In terms of the M6bius representation of p, I,(ij) can be rewritten as

. 1 .
TCN\ij

Other indices that can help to understand the behavior of a Choquet integral
are veto and favor indices [27,17,28], orness and andness degrees [27,17,28], k-
tolerance and k-intolerance indices [29] and amount of interaction indices [30].

2.4 The concept of k-additivity

From the previous sections, it follows that a capacity p on N is completely de-
fined by the knowledge of 2™ coefficients, for instance {1(.S) }scn or {m,,(S) }scw.
The use of capacities in practical applications is clearly curbed by this ex-
ponential complexity. Usually, as soon as n becomes large, it is frequent to
consider that the capacity is additive and thus completely defined by the n
coefficients {p(7)}ien. Such a drastic simplification however greatly weakens



the modeling ability of the capacity. The fundamental notion of k-additivity
proposed by Grabisch in [25] enables to find a trade-off between the complexity
of representation and the richness of the modeling.

Definition 3 Let k € {1,...,n}. A capacity p on N is said to be k-additive
if its Mobius representation satisfies m,(1T) = 0 for all T C N such thatt > k
and there exists at least one subset T' of cardinality k such that m,(T") # 0.

As one can easily check, the notion of 1-additivity coincides with that of
additivity.

Let k € {1,...,n} and let u be a k-additive capacity on N. From Eq. (1), we
immediately have that

p(8) = mu(T),  VSCN,

TCS
t<k

which confirms that a k-additive capacity is completely defined by the knowl-

edge of 5, (7) coefficients.

3 Entropy and variance of a capacity
3.1  Probabilistic entropies

The fundamental concept of entropy of a probability distribution was initially
proposed by Shannon [31]. The Shannon entropy of a probability distribution
p defined on a nonempty finite set N := {1,...,n} is defined by

Hs(p) := = p(i) Inp(i),

iEN

with the convention that 01n 0 := 0. The quantity Hg(p) is always non negative
and zero if and only if p is a Dirac mass (decisivity property). As a function
of p, Hg is strictly concave. Furthermore, it reaches its maximum value (Inn)
if and only if p is uniform (mazimality property).

In a general non probabilistic setting, Hg(p) is merely a measure of the unifor-
mity (evenness) of p. In a probabilistic context, when p is associated with an
n-state discrete stochastic system, it is naturally interpreted as a measure of
its unpredictability and thus reflects the uncertainty associated with a future
state of the system.

Several axiomatic characterizations of the Shannon entropy were proposed in
the literature [32-35], among which the most famous is probably Shannon’s



theorem [31].

A well-known generalization of the Shannon entropy is the Havrda and Char-
vat entropy of order /3 [36] defined, for any strictly positive real 5 and for any
probability distribution p on N, by

1_15 [Zp(i)ﬁ—ll, B#1,

Hilo(p) = - (6)

HS(p>7 6: L.

As the Shannon entropy, the Havrda and Charvat entropy of order (3 is a
strictly concave function of the probability distribution and satisfies the deci-
sivity and maximality properties (with the exception that its maximal value
is Inn only if g =1).

The axiomatic characterization of the entropy H ZO is very similar to that of
the Shannon entropy proposed by Faddeev [37]. The only difference comes
from the form of the recursivity axiom [36].

Note that many other generalizations of the Shannon entropy were proposed
in the literature. For an overview, see e.g. [33,38].

3.2 Choquet capacities, maximal chains and uniformaity

A capacity being clearly a generalization of a discrete probability distribution,
the following natural question arises : how could one appraise the ‘uniformity’
or ‘uncertainty’ associated with a Choquet capacity in the spirit of the Shan-
non entropy? In order to present the concept of uniformity of a capacity as
intuitively defined in [18], we first introduce new definitions and notations.

The lattice related to the power set of N := {1,...,n} under the inclusion
relation can be represented by a graph H y, called Hasse diagram, whose nodes
correspond to subsets S C N and whose edges represent adding an element
to the bottom subset to get the top subset.

A maximal chain m of Hy is an ordered collection of n + 1 nested distinct
subsets denoted

m= (@ C{ir} C{inio} S--- CH{ir,....in} =N).

Denote by My the set of maximal chains of Hy and by Iy the set of permu-
tations on N. We can readily see that the sets My and Ily are equipollent.



Indeed, to each permutation m € Ily corresponds a unique maximal chain
m”™ € My defined by

m" =@ C{r(n)} C{r(n—1),7(n)} C--- < {x(1),...,7(n)} = N).

- =g

Now, given a capacity g on N, with each permutation 7= € IIy can be associ-
ated a discrete probability distribution p# on N defined by

P = p({r (@), .. m()Y) — p({r(i + 1),...,7(n)}), Vi€ N.

Equivalently, with the maximal chain m™ € M is associated the probability
distribution pf,« := p¥ .

We will denote by P4 the set {p”}reny = {P¥ tmemy of n! probability distri-
butions obtained from .

Notice that, if p is cardinality-based, then there exists a unique probability
distribution p* on N such that p# = p# for all 7 € IIy. If v is additive then
we simply have p#(i) = u(m(7)) for all i € N.

As we have seen above, a capacity pu on N can be represented by the set
PN = {p% }memy of n! probability distributions on N. As discussed in [18],
the intuitive notion of uniformity of a capacity p on N can then be defined
as an average of the uniformity values of the probability distributions p#,
(m € My). Hence, the more uniform on average the probability distributions
pt (m € My), the higher the uniformity of the capacity pu.

3.3 Definitions of generalized entropy measures and their properties

Let p be a capacity on N. The following entropy was proposed by Marichal [39,40]
(see also [41]) as an extension of the Shannon entropy to capacities :

Hy(p) = = D7 s(n) [u(S Ud) — u(S) nfu(S Ue) — pu(S)].

ieN SCN\i

Regarded as a uniformity measure, H); has been recently axiomatized by
means of three axioms [18] : the symmetry property, a boundary condition
for which it reduces to the Shannon entropy, and a generalized version of the
well-known recursivity property.

A fundamental property of Hj; is that it can be rewritten in terms of the
maximal chains of the Hasse diagram of N. Using the notations introduced in



the previous subsection, we have

Hulp) = 5 Hs(rh), g

" mEMpy

or, equivalently,
Hu(p) =~ S Hs(ph).
-
The quantity Hy/ () can therefore simply be seen as an average of the uni-
formity values of the probability distributions p# (m € My) calculated by
means of the Shannon entropy. To stress on the fact that H;; is an average of
Shannon entropies, we shall equivalently denote it by H .

It has also been shown that H,; = H g satisfies many properties that one would
intuitively require from an entropy measure [18,40]. The most important ones
are :

(1) Boundary property for additive measures. For any additive capac-
ity i on N, we have

Hs () = Hs(p),

where p is the probability distribution on N defined by p(i) = p(i) for all
1€ N.

(2) Boundary property for cardinality-based measures. For any cardinality-
based capacity g on N, we have

Hgs(pn) = Hs(p"),

where p* is the probability distribution on N defined by p*(i) = u({i,...,n})—
pu{i+1,...,n}) foralli € N (cf. § 3.2).
(3) Decisivity. For any capacity p on N,

Hg(p) = 0.

Moreover, Hg(p) = 0 if and only if u is a binary-valued capacity, that is,
such that p(7) € {0,1} for all T C N.
(4) Maximality. For any capacity u on N, we have

Hs(p) <lInn.

with equality if and only if u is the uniform capacity p* on N.

(5) Increasing monotonicity toward p*. Let u be a capacity on N such
that p # p* and, for any A € [0, 1], define the capacity py on N as
= i+ A" — p). Then for any 0 < A; < Ay < 1 we have

H(pr,) < Hs(pn,)-

10



(6) Strict concavity. For any two capacities p1, pio on N and any A € |0, 1],
we have

HsApn + (1= XA pa) > XNHg(pn) + (1= A) Hs(pz).

From Properties 3 and 4, we see that it is straightforward to define a normal-
ized version of Hys to [0, 1] simply by division by Inn [17]. In the sequel, we
shall denote this quantity H},. From Property 6, we immediately have that
maximizing Hjy; over a convex subset of the set of capacities on N always
leads to a unique global maximum.

One can similarly extend the Havrda and Charvat entropy defined by Eq. (6)
to capacities. Proceeding as in Eq. (7) and using Proposition 1 in [18], for any
capacity p on N, we define

ol = 125 |5 & lmlu(50i) =S =1, 9>0.971
* (8)

From the characterization and the properties of the probabilistic Havrda and
Charvat entropy presented in [36], it is easy to verify that ﬁfm satisfies the
six properties stated above for Hy; (up to a modification of the maximum
value in the maximality property).

3.4 Variance of a capacity

Another straightforward way to measure the uniformity of a probability dis-
tribution p on NN is to compute its variance :

V() = Y [pl) 1}2
= — 1) — —
P nien P nl’
which can be immediately rewritten as
1 1
Vip) = — ) R—
() = > (i) =

1EN

It is easy to verify that V' (p) = 0 if and only if p is uniform on N and that V' (p)
reaches its maximum value (n — 1)/n? if and only if p is a Dirac mass. The
quantity V'(p) is in fact nothing else than the square of a Euclidean distance
in R™ between p seen as a vector of R” and the vector (1/n,...,1/n) € R™.

Proceeding as in Eq. (7) and using Proposition 1 in [18], the wvariance of a

11



capacity p on N can be immediately defined as

V=23 3 ) (wSUi) - u(s) -2 ) )
i€N SCN\i
“p X X el SV )~
ieEN SCN\i

It is easy to verify that, for any capacity p on N, the Havrda and Charvat
entropy of order 2 and the variance are linked by the following linear equation :

2 n—1

Hiyo(p) = - —nV (). (10)

From the above equality for instance, it can be verified that V' satisfies the
following properties :

(1) Boundary property for additive measures. For any additive capac-
ity p on N, we have
Vip) =Vip),
where p is the probability distribution on N defined by p(i) = (i) for all
1€ N.
(2) Boundary property for cardinality-based measures. For any cardinality-
based capacity pu on N, we have

where p* is the probability distribution on N defined by p*(i) = p({i,...,n})—
pu{i+1,...,n}) foralli e N (cf. § 3.2).
(3) Minimality. For any capacity p on N, we have

V(p) = 0.

with equality if and only if u is the uniform capacity p* on N.
(4) Decisivity. For any capacity p on N,

n—1
2

Vip) = —
with equality if and only if p is a binary-valued capacity, that is, such
that u(7) € {0,1} for all T C N.

(5) Decreasing monotonicity toward p*. Let u be a capacity on N such
that u # p* and, for any A € [0, 1], define a capacity py on N as uy :=
i+ A(p* — p). Then for any 0 < A; < Ay < 1 we have

V(M/h) > V(/”’)Q)

12



(6) Strict convexity. For any two capacities y1, o on N and any A € |0, 1],
we have

V(s + (1= X) p2) <AV (1) + (1= X) V(o).

Finally, from the monotonicity constraints given in (2), it is easy to verify
that, in terms of the Mobius representation, the variance of a capacity p on
N is simply given by

Vim)=— % 3 ) (Z (T U) 1) . (1)

i€N SCN\i TCS n

4 A maximum entropy principle for capacities

For probability distributions, the strict concavity of the Shannon entropy and
its naturalness as a measure of uncertainty gave rise to the maximum entropy
principle, which was pointed out in 1957 by Jaynes [16]. This principle states
that, when one has only partial information about the possible outcomes of
a random variable, one should choose its probability distribution so as to
maximize the uncertainty about the missing information. In other words, all
the available information should be used, but one should be as uncommitted as
possible about missing information. In more mathematical terms, this principle
means that among all the probability distributions that are in accordance with
the available prior knowledge (i.e. a set of constraints), one should choose the
one that has maximum uncertainty:.

The strict concavity of Hj,; and Ff{c suggests to extend such an inference
principle to capacities as discussed in [8,17,18]. Let us give an interpretation
of it in the framework of aggregation by a Choquet integral w.r.t. to a capacity
#on N in the presence of linear constraints. In such a context, as mentioned
in [18], Hp(1) can be interpreted as a measure of the average value over all a €
E™ of the degree to which the arguments aq, ..., a, of a profile contribute to
the calculation of the aggregated value C,(a). This interpretation still holds for

ch (). In such a framework, the maximum entropy principle could therefore
be stated as follows : Assume that we are given a set of linear constraints on
the behavior of a Choquet integral C),, that is, constraints that are linear
w.r.t. the corresponding capacity . Then, among all the feasible (admissible)
Choquet integrals, choosing the Choquet integral w.r.t. the maximum entropy
capacity amounts to choosing the Choquet integral that will have the highest
average degree of contribution of its arguments in the aggregation phase. In
other words, we could say the Choquet integral w.r.t. the maximum entropy
capacity is the one that will exploit the most on average its arguments.

13



The constraints that we shall consider are naturally based on the indices pre-
sented in Subsection 2.3, which are all linear w.r.t. to the underlying capacity.

The application of the maximum entropy principle in the considered frame-
work thus requires the maximization of a strictly concave function subject to
linear constraints. The best studied such situation is probably that when the
objective function is a quadratic form. It follows that the most interesting ob-
. . . o 2 . .

jective function from a practical perspective is H j;. This choice becomes even
more natural from the point of view of the implementation of the approach
since routines from solving quadratic programs are easily available.

From Eq. (10), we see that maximizing ﬁéc is clearly equivalent to minimizing
V(). This latter equivalence leads to another interpretation of the maximum

H iIO entropy principle : among all the feasible Choquet integrals, choosing the
Choquet integral w.r.t. the minimum variance capacity amounts to choosing
the Choquet integral that will be the closest to the simple arithmetic mean in
the sense of Eq. (9) subject to the set of considered linear constraints.

5 Application to Choquet integral based MAUT
5.1 Formulation of the optimization problem

Consider a multi-criteria decision making problem as described in the intro-
duction and assume that a decision maker has some initial preferences about
it. As discussed in [10], these initial preferences can take the form of :

e a partial weak order =4 over A (ranking of the alternatives),

e a partial weak order >y over N (ranking of the importance of the criteria),

e quantitative intuitions about the relative importance of some criteria,

e a partial weak order =p over the set of pairs of criteria (ranking of interac-
tions),

e intuitions about the type and the magnitude of the interaction between
some criteria,

e the behavior of some criteria as veto or favor,

e ctc.

In the context of aggregation by the Choquet integral, it seems natural to
translate some of the above prior information as follows :

e a >, b can be translated as C,(a) — C,(b) > dc,
e a ~ 4 b can be translated as —d¢ < C,(a) — C,(b) < d¢,
e i >y j can be translated as ¢, (i) — ¢,(j) > dg,

14



e i~y j can be translated as —d, < ¢,(1) — ¢,(j) < g,
e ij >p kl can be translated as 1,(ij) — I,(kl) > ¢,
e ij ~p kl can be translated as —d; < I,,(ij) — 1,(kl) < dy,

where d¢, d4 and 07 are fixed preference thresholds to be defined by the decision
maker.

In other terms, all the partial weak orders > 4, >x, >=p previously mentioned
are translated into partial semiorders with fixed preference thresholds (for
simplicity reasons).

The remaining more quantitative prior information could be translated as
follows (although this is much more questionable) :

e intuitions about the relative importance r € [0, 1] of a criterion i could be
translated as ¢, (1) = r or as ¢, (i) > r,

e intuitions about the type and the magnitude m € [0, 1] of the interaction
between two criteria ¢ and j could be translated as I,(ij) = m in case
of complementary interaction and as —1,(ij) = m in case of redundant
interaction.

Finally, the veto (resp. favor) effect of a criterion i can be directly translated
as (1) = 0 for all T C N such that T # k (resp. p(T) = 1 for all T C N
such that 7" > k) [17, Propositions 3 and 4].

The maximum Féc entropy principle can then be used to identify a capacity
that is compatible with the initial preferences of the decision maker. The
resulting Choquet integral can therefore be regarded as modeling the reasoning
of the decision maker. The suggested approach can be stated as the following

15



optimization problem :

min V (v)
v(SUi)—v(S)>0,Vie NVS C N\,
v(N) =1,
Cy(a) — Cy(b) = dc,
—dc < Cy(c) = Cu(d) < dc,
subject to $u(i) — ¢u(j) = g,

_5¢ S ¢V(k) - (bl/(l) S 5(1)7
1,(ij) — 1, (kl) = or,

L(ij) = ...,

where v is a game on N, i.e. a set function v : P(N) — R such that v(0)) = 0.

Of course, the above problem may be infeasible if the constraints are incon-
sistent. Such a situation may arise when the considered constraints violate
some of the axioms underlying the Choquet integral model (see e.g. [42]). In
such a case, the Choquet integral cannot be considered as a sufficiently rich
aggregation function for modeling the initial preferences of the decision maker.

A solution to the above problem is a full capacity defined by 2™ —1 coefficients.
The number of variables involved in it increases exponentially with n and so
will the computational time. For large problems, both for computational and
simplicity reasons, it may be preferable to restrict the set of possible solutions
to k-additive capacities, k € {1,...,n}. The idea is here simply to rewrite the
above optimization problem in terms of the Mobius transform of a k-additive
game using Egs. (11), (3), (4) and (5), which will decrease the number of
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variables from 2" — 1 to Y5, (7) We obtain

min V (m,)
X res my(T'Ui) > 0,Vi € N, ¥S C N \j,
Zngin mV(T) - 1’
o) - 2 12
subject to Cin,(a) = Cp, (b) = dc, (12)

¢mu <Z> - ¢my (.]) > 5¢7

where m,, is the Mobius representation of a k-additive game v on N.

5.2 Matriz formulation

Most solvers for solving quadratic programming problems on R? use the fol-
lowing matrix formulation :

mingepe —d'z + 32Dz
Aex = Q¢ (13)

AZ‘JZ Z a;

subject to

where ¢ denotes the matrix transpose, d € RP, D is p X p real symmetric matrix,
the matrix equality A.x = a. represents the set of equality constraints and
the matrix inequality A;x > a; represents the set of inequality constraints.

In order to put the optimization problem (12) under the matrix form (13), let
us first determine the form of the matrix D (d being clearly zero in our case).

To do so, in the rest of this subsection, we shall equivalently regard the Mobius
ko (n
transform m, of a k-additive game v on N as a vector of R (1),

Consider first a matrix M of order n2"~' x Y5, (7) whose coefficients are

either 0 or 1 and such that Mm, is a vector of R"2"™" whose coefficients are
distinct elements from the set

> my(T'U9)

TCS
t<k—1 i€EN,SCN\i
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Next, let Dg;, be a diagonal matrix of order n2"~! whose elements are taken
from the set of Shapley coefficients {7vs(n)}sco,...n—1} multiplied by 1/n such
that Dg,Mm, is a vector of R"2"™" whose coefficients are distinct elements
from the set

1 .
—7s(n) Z m, (T U1)
n TCS
t<k—1 i€N,SCN\i

With these notations, the variance of a k-additive game v can be written as

V() = V() = (M(m, — m,0)) D (M1, — m,))
= (my, — my)'M*Dgp, M (m,, —m,),

k n n—
where m,- is a vector of R2i=1 (7) such that Mm,,- is a vector of R"2" ™" whose
elements are all equal to 1/n.

The matrix D in the matrix formulation (13) is thus defined by
D = 2MtD5hM.

It is clearly symmetric and positive since, for any m,, € RZL (7), m.Dm, is a
weighted sum of squares with positive weights. Furthermore, the definiteness
of D follows directly from the minimality property satisfied by V (see Subsec-
tion 3.4). It can be alternatively directly checked by noting that m! Dm, =0
is equivalent to

2

2 .
=3 s(n) D > m, (T Ui =0,
" ien SCN\i \ 1S5,

which implies that m,(S) =0 for al SC N, 0 < s < k.

We end this subsection by a few words about the constraints of the quadratic
program.

The set of equality constraints should at least contain the constraint

> my(S)=1.

SCN
0<s<k

The monotonicity constraints straightforwardly correspond to the matrix in-
equality Mm, > 0. The other constraints can be easily coded using the ex-
pressions of the Choquet integral, the Shapley value and the interaction index
between two criteria in terms of the Mobius representation.
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Table 1
Partial and global evaluations of the four cooks.

Cook FL ST SC Mean Lin.Prog. Min.Var

a 18 15 19 17.33 18.5 17.83
b 15 18 19 17.33 17 16.83
c 15 18 11 14.67 14.5 15.17
d 18 15 11 14.67 13 14.17

5.3  Practical itmplementation

The proposed approach was implemented within the kappalab package [19]
for the GNU R statistical system [20]. The package is distributed as free soft-
ware and can be downloaded from the Comprehensive R Archive Network
(http://cran.r-project.org). The quadratic program is solved using the
R quadprog package [43] which implements the dual method of Goldfarb and
Idnani [44,45] for solving strictly convex quadratic programming problems.

5.4 A first simple example

We first consider the simple example presented in [10, Example 5.1] by Marichal
and Roubens.

Four cooks a, b, ¢, d are evaluated according to their ability to prepare three
dishes : frogs’ legs (FL), steak tartare (ST) and stuffed clams (SC). Their
evaluations on a [0, 20] scale are given in Table 1.

The decision maker adopts the following reasoning : when a cook is renowned
for his stuffed clams, it is preferable that he/she is also better in cooking
frogs’ legs than steak tartare, which implies that a >4 b. However, when a
cook badly prepares stuffed clams, it is more important that he/she is better
in preparing steak tartare than frogs’ legs, which leads to ¢ =4 d. Of course,
we also immediately have a >4 d and b >4 ¢ but these preferences do not
contribute to anything since they naturally follow from the monotonicity of
the Choquet integral [8].

Marichal and Roubens showed that there are no additive model that can lead
to this partial ranking [10].

The minimum variance 2-additive game v given in terms of its Mobius trans-
form and satisfying, besides the monotonicity and normalization constraints,
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Table 2

Coeflicients, variance and normalized entropy of the Mobius representations of the
2-additive capacities obtained by linear programming (Lin.Prog.) and the minimum
variance principle (Min.Var.).

FL ST SC FL,ST FL,SC ST,SC V H

Lin.Prog. 0 0.5 0.5 0 0.5 -0.5 0.25 0.52
Min.Var. 0.17 0.5 0.33 0 0.33 -0.33 0.14 0.85
Table 3

Partial and global evaluations of the five students.

Student S P E M En Mean Min.Var.l Min.Var.2 Min.Var.3

a 18 11 18 11 11 138 15.04 14.83 14.88
b 18 18 11 11 11 13.8 13.04 12.83 12.88
c 11 11 18 18 11 13.8 12.04 11.83 11.88
d 18 11 11 11 18 13.8 16.04 15.83 15.88
e 11 11 18 11 18 13.8 14.04 13.83 13.88

the constraints Cy,, (a) > Cy,, (b) and Cp,, (¢) > Cp,, (d) with the same pref-
erence threshold as in [10] (i.e. ¢ = 1) is written in the second line of Ta-
ble 2, the first line corresponding to the solution obtained using Marichal’s
and Roubens’ approach.

As expected the minimum variance capacity has a lower variance than that
obtained by linear programming. This is confirmed by the values of the nor-
malized Marichal entropy. The global evaluations are given in Table 1. Again,
as expected, the behavior of the minimum variance Choquet integral is closer
to that of the simple arithmetic mean than that of the Choquet integral ob-
tained by linear programming.

5.5 A larger example

We consider now the problem of the evaluation of students in an institute
training econometricians. The students are evaluated with respect to five sub-
jects : statistics (S), probability (P), economics (E), management (M) and
English (En). The evaluations of five students a, b, ¢, d, e on a [0, 20| scale are
given in Table 3.

Assume that the institute is slightly more oriented towards statistics and prob-
ability and suppose that the decision maker considers that there are 3 groups
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Table 4
Shapley value, variance and normalized Marichal entropy of the minimum variance
k-additive capacities.

S P E M En V Hy

k
Min.Var.1 2 0.28 0.15 0.14 0.07 0.36 0.08 0.85
Min.Var.2 3 0.22 0.21 0.15 0.14 0.27 0.05 0.91
Min.Var.3 3 0.23 0.22 0.14 0.13 0.27 0.05 091

Table 5
Shapley interaction indices between subjects w.r.t. the minimum variance k-additive
capacities.

SP SE SM SEn PE PM PEn EM EEn MEn

Min.Var.1 -0.18 0.13 00 003 00 0.1 0.0 -0.04 -0.11 0.0
Min.Var.2 -0.15 0.05 -0.02 0.00 0.06 0.13 -0.05 -0.04 -0.06 -0.02
Min.Var.3 -0.1 0.06 -0.02 -0.01 0.07 0.13 -0.07 -0.09 -0.06 0.0

of subjects : statistics and probability, economics and management, and En-
glish. Furthermore, he/she considers that within the two first groups, subjects
have a redundant interaction, i.e. they overlap to a certain extent. Finally, if
a student is good in statistics or probability, it is better that he/she is good
in English than in economics or management. This reasoning leads to the
following ranking :

d=qa>=4e>=4b»4c.

The Shapley value of the 2-additive capacity compatible with the Choquet
integral constraints (0c = 1) corresponding to the above ranking is given in
the first line of Table 4. The interaction indices between subjects are given in
the first line of Table 5.

Suppose now that by considering Table 4, the decision maker becomes aware of
the fact that he/she did not mention that for him /her statistics and probability
should have the same global importance as well as E and M, i.e. S ~y P and
E~xn M.

There are no 2-additive capacities compatible with these additional constraints.
The Shapley value of the 3-additive capacity additionally compatible with the
constraints —0g < ¢, (S) = ¢, (P) < by and —0s < o, (E) — o, (M) < 6,
with 4 = 0.01 is given in the second line of Table 4. The interaction indices
between subjects are given in the second line of Table 5.
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After considering Table 5, the decision maker finally becomes aware that he
would like statistics and probability, and economics and management, to over-
lap to the same extent, i.e. {S, P} ~p {E, M}.

The Shapley value of the 3-additive capacity additionally compatible with the
constraint —d; < I, (S, P) — I, (E, M) < §; with §; = 0.01 is given in the
third line of Table 4. The interaction indices between subjects are given in the
third line of Table 5.

Note that the fact that the two last (more constrained) capacities have a lower
variance than the first one is due to the fact that they are 3-additive whereas
the first one is only 2-additive.

6 Conclusion

A maximum entropy like method for capacity identification was proposed and
practically implemented. The objective function of the underlying quadratic
program is the opposite of the extended Havrda and Charvat entropy of order 2
or equivalently the variance of the capacity. As in [10], the initial preferences of
the decision maker are translated into linear constraints using the expressions
of the Choquet integral and of some of the numerical indices that can be used
to understand its behavior. The obtained solution, if any, can be regarded
as leading to the “least specific” Choquet integral compatible with the prior
reasoning of the decision maker.

Further research concerning the translation of the initial preferences of the
decision maker into linear constraints would be required since some transla-
tions are clearly debatable. Moreover, the use of the extended Havrda and
Charvat entropy of order 2 or equivalently of the variance as objective func-
tion would need to be more rigorously justified and compared with the use
of other candidate objective functions based for instance on distances among
capacities.
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